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IN PARTIAL FULFILLMENT OF THE REQUIREMENTS FOR THE

DEGREE OF

MASTER OF SCIENCE

IN

THE DEPARTMENT OF MATHEMATICS

JANUARY 1999



ABSTRACT

ON BLOW UP OF SOLUTIONS OF SECOND ORDER NONLINEAR

PARABOLIC EQUATIONS

ÖZBEKLER, Abdullah

M.S., Department of Mathematics

Supervisor: Prof. Dr. Okay Çelebi

January 1999, 82 pages.

In this thesis, we shall give a survey of the initial and initial-boundary

value problems for nonlinear parabolic differential equations. For the initial

value problem we shall consider various extentions of an old result by H. Fujita

for the initial value problem of the nonlinear heat equation

ut = ∆u+ up x ∈ R
N , p > 1

with nonnegative initial values. The main results for the initial-boundary value

problems, mentioned are due to C. Bandle and H. A. Levine. We will discuss

the problems in different geometries.
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ÖZ

İKİNCİ DERECEDEN DOG̃RUSAL OLMAYAN PARABOLİK

DENKLEMLERİN ÇÖZÜMLERİNİN PATLAMASI

ÖZBEKLER, Abdullah

Yüksek Lisans, Matematik Bölümü

Tez Yöneticisi: Prof. Dr. A. Okay ÇELEBİ

Ocak 1999, 82 sayfa.

Bu tezde, dog̃rusal olmayan parabolik diferensiyel denklemler için başlan-

gıç ve sınır deg̃er ile başlangıç deg̃er problemlerinin bir araştırmasını vereceg̃iz.

Başlangıç deg̃er problemi için, H. Fujita’nın dog̃rusal olmayan

ut = ∆u+ up, x ∈ R
N p > 1

ısı denklemi için negatif olmayan başlangıç deg̃erli problemle ilgili sonuçlarının

çeşitli genişletmelerini çalışacag̃ız. Burada başlangıç ve sınır deg̃er problem-

leri için bahsetmek istedig̃imiz başlıca sonuçlar, C. Bandle ve H. A. Levin’in

sonuçlarıdır. Problemleri farklı geometrilerde tartışacag̃ız.

Anahtar Sözcükler: Dog̃rusal olmayan ısı denklemi, Patlama, Kritik kuvvet,
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Global varlık, Global yokluk.
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CHAPTER 1

INTRODUCTION

This thesis is a survey on the recent literature on the role of the size of

nonlinearity for the occurance of blow up. As an example of the type of results

we may mention the clasical result of Fujita [4]: He considered the initial value

problem

ut = ∆u+ up, x ∈ R
N , t > 0, p > 1 (1.1)

u(x, 0) = a(x), x ∈ R
N (1.2)

where ∆ denotes the N-dimensional Laplace operator) and interested in non-

negative solutions which, for fixed t, decay at infinity. He proved the following

result where the critical exponent pc(N) := 1 + 2/N ,

A. If 1 < p < pc(N), then the only nonnegative global (in time) solution

of (1.1)-(1.2) is u ≡ 0.

B. If p > pc(N), then there exist global positive solutions of (1.1)-(1.2)

for sufficiently small initial values.

Several comments about this result are in order. First, when the solution

fails to exist globally, it actually does blow up pointwise. This was proven by

Bandle and Levine [3].

Levine, Lieberman and Meier [9] considered the problem (Generalized

Mean Curvature):

ut = Φu+ up (x, t) ∈ R
N × (0, T ) (1.3)

u(x, 0) = u0(x) x ∈ R
N (1.4)
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where

Φu = div{ψ[(1 + |∇u|2)1/2]∇u}

with

(i) ψ ∈ C1,α([1,∞)); ψ(1) = ψ0 > 0,

(ii) 0 ≤ ψ′(s) + ψ(s) ≤ (1 + θ)ψ(s) (θ > 0),

(iii) ψ(s) ≤ ψM , ψM <∞.

They have obtained the interesting result that the critical exponent for the

problem (1.3)-(1.4) is pc(N), i.e.;

A. If 1 < p < pc(N), then there are no nontrivial positive solutions of

(1.3)-(1.4) .

B. If p > pc(N), then there exist both positive global solutions of (1.3)-

(1.4) and solutions of (1.3) -(1.4) which blow up in finite time, but no claim is

made when p = pc(N).

Instead of (1.1)-(1.2) , the following initial boundary value problem was

considered in [3], [10]:

ut = ∆u+ up, (x, t) ∈ D × (0, T ) (1.5)

u(x, 0) = u0(x), x ∈ D (1.6)

u(x, t) = 0, (x, t) ∈ ∂D × [0, T ) (1.7)

where

D = {(r, θ)|r > 0, θ ∈ Ω ⊂ SN−1}.

The next result shows that the critical exponent for cones:

pc(D) = 1 +
2

2− γ−
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where γ− is the root of the quadratic

x(N − 2 + x) = ω1

(Here ω1 denotes the first eigenvalue of the Dirichlet problem for the Laplace-

Beltrami operator on Ω). Bandle and Levine [3] proved that if 1 < p ≤ pc(D),

then (1.5)-(1.7) has no nontrivial, global, positive solutions. Later Levine and

Meier [10] showed that pc(D) is indeed the critical exponent, in other words if

p > pc(D) then global, positive, small data solutions do exist.

Bandle and Levine [3] showed also that if 1 < p < 1 − 2/γ−, then there

are no stationary solutions of (1.5)-(1.7) , that is, there exits no w(r, θ) > 0

such that

∆w + wp = 0 in D, w(r, θ) = 0 on ∂D

where D is the cone in R
N with vertex at origin.

Meier [12] considered for positive constants c, b, the following initial

boundary value problem:

ut = ∆u+ cebtup, x ∈ D, t > 0 (1.8)

u(x, t) = 0, x ∈ ∂D, t > 0 (1.9)

u(x, 0) = u0(x) ≥ 0 x ∈ D (1.10)

where D is a bounded domain in R
N with sectionaly smooth boundary, u0 is

bounded and p > 1. He proved that:

A. If 1 < p < 1 + b/λ1, then (1.8)-(1.10) has no nontrivial, positive,

global solutions.
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B. If p > 1 + b/λ1, then (1.8)-(1.10) has both nontrivial, global small

data solutions and solutions which blow up in a finite time.

So the critical exponent for (1.8)-(1.10) is

pc(BD) = 1 +
b

λ1
.

Here λ1 is the first eigenvalue of the Dirihlet problem for the Laplace operator

in D

In1994, Bandle and Levine [3] studied the global existence of nonnegative

solutions of the Cauchy problem

ut −∆u = up + (~b,∇u), (x, t) ∈ D × (0, T ) (1.11)

u(x, 0) = u0(x) ≥ 0, x ∈ D (1.12)

where D is either R
N or a cone in R

N , ~b = ~b(x, u) and p > 1. Their aim

was to extend H. Fujita’s result which corresponds to the case ~b ≡ 0. If, in

particular ~b = ~b(x), div~b = 0 and |x||~b(x)| is bounded, the Fujita-like theorem

is recovered as in [4],[11]. If the domain D is a shift-invariant cone then they

proved a result similar to the one given for (1.5)-(1.7) in [3]. Finally they

showed that Kaplan’s convexity method is applicable to nonlinear convection

of the type (~b(u),∇u) = div ~B(u), D = R
N . Under suitable growth conditions

imposed on | ~B(u)|, they proved that all solutions of (1.11)-(1.12) must blow

up in finite time. This case was also studied by Aguare and Escobedo [1] in

1993.

In 1996, Galaktionov and Levine [5] considered nonnegtive solutions of

initial boundary value problems for parabolic equations ut = uxx, ut = (um)xx

4



and ut = (|ux|m−1ux)x (m > 1) for x > 0, t > 0 with nonlinear boundary

conditions −ux = up, −(um)x = up and −|ux|m−1ux = up for x = 0, t > 0

where p > 0 respectively. The initial function was assumed to be bounded,

smooth and to have, in the latter two cases, compact support. They proved

that for each problem there exit positive critical values p0, pc (with p0 < pc)

such that for p ∈ (0, p0], all solutions are global while for p ∈ (p0, pc] any

solution u 6≡ 0 blows up in a finite time and for p > pc small data solutions exit

globally in time while large data solutions are nonglobal. They obtained the

critical exponents pc = 2, pc = m+1 and pc = 2m, and p0 = 1, p0 = (m+1)/2

and p0 = 2m/(m+ 1) respectively.

Recently, C. S. Jiang and C. H. Xie [7] considered the blow up problem

for the initial boundary value problem for quasilinear parabolic equation

ψ′(u)ut − δu = h(x, t)F (u), x ∈ D, t > 0 (1.13)

u(x, 0) = u0(x), x ∈ D̄ (1.14)

u(x, t) = 0, x ∈ ∂D, t > 0. (1.15)

Here D ⊂ R
N is a bounded or unbounded domain. With the help of Green’s

function, they obtained conditions for existence of global solutions and blow

up of local solution to problem (1.13)-(1.15).

Recently, Y. Qi [14] studied the Cauchy problem in R
n for general parabo-

lic equations which take the form

ut = ∆um + ts|x|σup (1.16)

with nonnegative initial value. Here s ≥ 0, m > (n − 2)/n, p > max(1,m)

and σ > −1 if n = 1 or σ > −2 if n ≥ 2. He proved among other things, that
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for p ≤ pc, where pc ≡ m + s(m − 1) + (2 + 2s + σ)/n > 1, every nontrivial

solution of (1.16) blows up in finite time. But for p > pc there exits a positive

global solution of (1.16).

In this thesis we will make use of the following definitions

Definition 1.0.1 A non-negative function u = u(t, x) is called a regular so-

lution of (1.1)-(1.2) in [0,T], T being a positive number, if u, ∇xu, ∇x∇xu

and ut all exist and are continuous in QT = [0, T ] × R
m and if (1.1)-(1.2)

is satisfied. A regular solution u of (1.1)-(1.2) in [0,∞] is a function whose

restriction to [0, T ] × R
m is a regular solution of (1.1)-(1.2) in [0,T] for any

T > 0.

Definition 1.0.2 Let T be a positive number. E[0,T] is the set of all contin-

uous functions u = u(t, x) defined in [0, T ]× R
m satisfying

|u(t, x)| ≤Mexp(|x|β) (0 ≤ t ≤ T, x ∈ R
m)

with some constants M and β subject to M > 0 and 0 < β < 2. M and β

may depend on u. Furthermore, E [0,∞) is the set of all u whose restriction

to [0, T ]× R
m belongs to E [0, T ] for any T > 0.

We note that u1+α ∈ E [0, T ] if u ∈ E [0, T ] and u ≥ 0.

Definition 1.0.3 If u is a regular solution of (1.1)-(1.2) in [0, T ] and at the

same time u ∈ E [0, T ], then u is called a regular solution of (1.1)-(1.2) in

E [0, T ]. Here we may replace E [0, T ] by E [0,∞). A regular solution u of (1.1)-

(1.2) in E [0,∞) is also called a global solution of (1.1) -(1.2) in E [0,∞).
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Next we specify the class of initial values. We assume that the initial

value a = a(x) of (1.1)-(1.2) is taken from the class A described in

Definition 1.0.4 A is the set of all non-negative functions a = a(x) on R
m

such that a,∇xa and ∇x∇xa are all continuous and bounded there.

Definition 1.0.5 L[0,∞) is the set of all non-negative continuous functions

u = u(t, x) defined in [0,∞)× R
m such that the inequality

0 ≤ u(t, x) ≤MH(t+ γ, x), (t ≥ 0, x ∈ R
m),

is satisfied for some constant M which may depend on u(t, x) and H(t, x) is

the Green’s function for the heat equation.

Definition 1.0.6 [13] (Upper Solution) ū is the upper solution (supersolution)

of (1.1) -(1.2) if

ūt ≥ ∆ū+ ūp, x ∈ R
N , t > 0 (1.17)

ū(x, 0) ≥ a(x), x ∈ R
N . (1.18)

Definition 1.0.7 [13] (Lower Solution) u is the lover solution (subsolution)

of (1.1) -(1.2) if

ut ≤ ∆u+ up, x ∈ R
N , t > 0 (1.19)

u(x, 0) ≤ a(x), x ∈ R
N . (1.20)

Jensen’s Inequality, [6]: Suppose that α ≤ f(x) ≤ β, where α and β may

be finite or infinite, and that f(x) is almost always different from α and β;
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that p(x) is a weight function; and that φ′′(t) is positive (i. e. convex function)

and finite for α < t < β. Then

φ
(

∫

f(x)p(x)dx
∫

p(x)dx

)

≤
∫

φ(f(x))p(x)dx
∫

p(x)dx
,

whenever the right-hand side exists and is finite; and there is equality only

when f(x) ≡ C.
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CHAPTER 2

BLOWING UP OF SOLUTIONS FOR A CAUCHY PROBLEM

2.1 Introduction

In this chapter we will discuss the properties of the solutions of the

problem:

ut = ∆u+ u1+α x ∈ R
m, t > 0 (2.1)

u(x, 0) = a(x) x ∈ R
m (2.2)

where a(x) ∈ A. Let us describe the results in a rough way. If 0 < mα < 2,

then every non-negative solution of (2.1) -(2.2) blows up eventually except the

trivial slution u ≡ 0. If 2 < mα, there are many non-negative initial values

a = a(x) which give global solutions. This appears somewhat remarkable in

asmuch as the inevitable blowing up occurs rather in the case of smaller α. [4]

2.2 Global Nonexistence of Solutions

Now we are ready to prove our main results. As a preparation, we some

propositions. [4]

Proposition 2.2.1 Let u(x, t) be a regular solution of (2.1) -(2.2) in E [0, T ]

for T > 0. Then u(x, t) satisfies the integral equation u = u0+φu in 0 ≤ t ≤ T ,

where

u0(x, t) =
∫

Rm
H(t, x− y)a(y)dy
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φu(x, t) =
∫ t

0
ds
∫

Rm
H(t− s, x− y)u1+α(s, y)dy.

Proof.Take ρ ∈ C∞0 (Rm) such that 0 ≤ ρ ≤ 1 and

ρ(x) :=







1 , |x| ≤ 1

0 , |x| ≥ 2
. (2.3)

Define ρN(x) := ρ(x/N) (called truncating functions). We put νN(x, t) =

ρN(x)u(x, t) (N = 1, 2, ...). Then we have

∂νN
∂t

= ∆νN + ρNu
1+α − 2∇ρN .∇u−∆ρNu

and νN(0, x) = ρN(x)u(x, 0) = ρN(x)a(x).

∂νN
∂t

= ρNut

= ρN{∆u+ u1+α}

= ∆νN −∆νN + ρN∆u+ ρNu
1+α

= ∆νN −∆(ρNu) + ρN∆u+ ρNu
1+α

= ∆νN − ρN∆u− 2∇ρN .∇u− u∆ρN + ρN∆u+ ρNu
1+α

= ∆νN + ρNu
1+α − 2∇ρN .∇u−∆ρNu.

If we multiply both sides, by H(t− s, x− y) and integrate over R
m and

on [0, t], we get

∫ t

0
ds
∫

Rm

∂νN
∂s

(s, y)H(t− s, x− y)dy

=
∫ t

0
ds
∫

Rm
∆yνN(s, y)H(t− s, x− y)dy
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+
∫ t

0
ds
∫

Rm
H(t− s, x− y)ρN(y).u

1+α(s, y)dy

− 2
∫ t

0
ds
∫

Rm
H(t− s, x− y)∇yρN(y).∇yu(s, y)dy

−
∫ t

0
ds
∫

Rm
H(t− s, x− y)∆yρN(y)u(s, y)dy

=
∫ t

0
ds
∫

Rm
∆yνN(s, y)H(t− s, x− y)dy + V2 − 2V3 − V4

where

V2 =
∫ t

0

∫

Rm
H(t− s, x− y)ρN(y)u(s, y)

1+αdy,

V3 =
∫ t

0

∫

Rm
H(t− s, x− y)∇yρN(y)∇yu(s, y)dy,

V4 =
∫ t

0

∫

Rm
H(t− s, x− y)∆yρN(y)u(s, y)dy.

If we apply Green’s identity, we get

∫ t

0
ds
∫

Rm

∂νN
∂s

(s, y)H(t− s, x− y)dy

=
∫ t

0
ds
∫

Rm
νN(s, y)∆yH(t− s, x− y)dy

+
∫ t

0
ds
∫

∂Rm

{

H(t− s, x− y)
∂νN
∂n

(s, y) + νN(s, y)
∂H

∂n
(t− s, x− y)

}

dS

+ V2 − 2V3 − V4.

Since νN(s, y) = 0 and H(t− s, x− y) = 0 on boundary R
m, we have

=
∫ t

0
ds
∫

Rm
νN(s, y)∆yH(t− s, x− y)dy + V2 − 2V3 − V4

=
∫ t

0
ds
∫

Rm
νN(s, y)∆xH(t− s, x− y)dy + V2 − 2V3 − V4

=
∫ t

0
ds
∫

Rm
νN(s, y)

∂

∂t
H(t− s, x− y)dy + V2 − 2V3 − V4

= −
∫ t

0
ds
∫

Rm
νN(s, y)

∂

∂s
H(t− s, x− y)dy + V2 − 2V3 − V4

11



then we have

V2 − 2V3 − V4 =
∫ t

0
ds
∫

Rm

{

∂

∂s
νN(s, y)H(t− s, x− y)

+ νN(s, y)
∂H

∂s
(t− s, x− y)

}

dy

=
∫ t

0

∂

∂s

{

(4π(t− s))−m/2
∫

Rm
νN(s, y)exp(−

|x− y|2
4(t− s)

)dy
}

ds

if we let ξ = y−x
2
√
t−s and dy = (4(t− s))m/2dξ then we get

V2 − 2V3 − V4 = π−m/2
∫ t

0

∂

∂s

{
∫

Rm
νN(s, x+ 2

√
t− sξ)exp(−|ξ|2)dξ

}

ds

= π−m/2νN(s, x)
∫

Rm
exp(−|ξ|2)dξ

− π−m/2
∫

Rm
νN(0, x+ 2

√
tξ)exp(−|ξ|2)dξ

= νN(s, x)− π−m/2
∫

Rm
νN(0, x+ 2

√
tξ)exp(−|ξ|2)dξ

Substituting x+ 2
√
tξ = y we have

V2 − 2V3 − V4 = νN(s, x)− (4πt)−m/2
∫

Rm
νN(0, y)exp(−

|x− y|2
4t

)dy

= νN(s, x)−
∫

Rm
H(t, x− y)ρN(y)a(y)dy

= νN(t, x)− V1.

where

V1 =
∫

Rm
H(t, x− y)ρN(y)a(y)dy.

Consequently we get

νN(t, x) = V1 + V2 − 2V3 − V4. (2.4)
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Now an easy calculation gives that

|V1 −
∫

Rm
H(t, x− y)a(y)dy| = |

∫

Rm
H(t, x− y)ρN(y)a(y)dy

−
∫

Rm
H(t, x− y)a(y)dy|

≤
∫

Rm
H(t, x− y)|ρN(y)− 1|a(y)dy

which yields

V1 →
∫

Rm
H(t, x− y)a(y)dy as N →∞.

We know that u(t, x) ∈ E [0, T ]. So

|u1+α(t, x)| ≤Mexp(|x|β), (0 ≤ s ≤ T, y ∈ R
m).

Thus we have

|V2(t, x)− φu(t, x)| ≤
∫ t

0
ds
∫

Rm
H(t− s, x− y)ρN(y)u

1+α(s, y)dy

−
∫ t

0
ds
∫

Rm
H(t− s, x− y)u1+α(s, y)dy

≤
∫ t

0
ds
∫

Rm
H(t− s, x− y)|ρN(y)− 1|u1+α(s, y)dy,

=
∫ t

0
ds
∫

|y|≥N
H(t− s, x− y)|ρN(y)− 1|u1+α(s, y)dy

+
∫ t

0
ds
∫

|y|≤N
H(t− s, x− y)|ρN(y)− 1|u1+α(s, y)dy

=
∫ t

0
ds
∫

|y|≥N
H(t− s, x− y)|ρN(y)− 1|u1+α(s, y)dy,

Therefore

|V2(t, x)− (φu)(t, x)| ≤
∫ t

0
ds
∫

|y|≥N
H(t− s, x− y)u1+α(s, y)dy

≤ M
∫ t

0
ds
∫

|y|≥N
H(t− s, x− y)exp(|y|β)dy

= M
∫ t

0
ϕN(s)ds,
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where

ϕN(s) =
∫

|y|≥N
H(t− s, x− y)exp(|y|β)dy.

For each x and t

0 ≤ ϕN(s) ≤
∫

Rm
H(t− s, x− y)exp(|y|β)dy

≤ C
∫

Rm
exp(−|ξ|2)exp(|x+ 2

√
t− sξ|β)dξ

≤ C
∫

Rm
exp(−|ξ|2)exp((|x|+ 2

√
t|ξ|)β)dξ

≤ C ′
∫

Rm
exp(−|ξ|2)exp(2βtβ/2|ξ|β)dξ

where C ′ is a constant depending on |x|. Since the last integral is bounded,

ϕN(s) is bounded unifomly by a constant.

Now claim that ϕN(s)→ 0 as N →∞. If we let y = x+ 2
√
t− sξ then

we get

ϕN(s) =
∫

|y|≥N
H(t− s, x− y)exp(|y|β)dy

= C
∫

|ξ|≥M
exp(−|ξ|2)exp(|x+ 2

√
t− sξ|β)dξ

≤ C ′
∫

|ξ|≥M
exp(−|ξ|2)exp(C0|ξ|β)dξ

where M = N−|x|
2
√
t−s , C0 = 2βtβ/2 and C ′ is a constant depending on |x|. So we

get

ϕN(s) = C ′
∫

|ξ|≥M
exp(−|ξ|2 + C0|ξ|β)dξ

= C ′
m
∏

i=1

∫

|ξi|≥M
exp(−|ξi|2 + C0|ξi|β)dξi

= C ′2m
m
∏

i=1

∫ ∞

M
exp(−ξ2i + C0ξ

β
i )dξi
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≤ C ′′
m
∏

i=1

∫ ∞

M

dξi
ξ2i

= C ′′
m
∏

i=1

1

M

=
C ′′

Mm
→ 0 as M →∞ (i.e. N →∞).

Therefore we can apply the Lebesque convergence theorem [15], to find

|V2(t, x)− (φu)(t, x)| ≤M
∫ t

0
ϕN(s)ds → 0, (N →∞).

We now claim V3 → 0 and V4 → 0 is dealt with easily by means of |∆ρN(y)| ≤

CN−2. First let us with V4.

|V4| ≤
∫ t

0
ds
∫

Rm
H(t− s, x− y)|u(s, y)||∆ρN(y)|dy

≤ CN−2
∫ t

0
ds
∫

Rm
exp(−|ξ|2)exp((|x+ 2

√
t− sξ|)β)dξ

≤ C ′N−2
∫ t

0
ds
∫

Rm
exp(−|ξ|2)exp(2βtβ|ξ|β)dξ

≤ C ′′N−2 → 0 as N →∞.

where C ′, C ′′ are constants depending on t and |x|.

Now consider

V3 =
∫ t

0
ds
∫

Rm

{

H(t− s, x− y)∇ρN(y)
}

∇u(s, y)dy

Using integration by parts, we get

V3 = −
∫ t

0
ds
∫

Rm
∇
{

H(t− s, x− y)∇ρN(y)
}

u(s, y)dy,

since H(t− s, x− y)∇ρN(y)u(s, y) |∂Rm= 0. Then

V3 = −
∫ t

0
ds
∫

Rm

{

∇H(t− s, x− y)∇ρN(y)

+H(t− s, x− y)δρN(y)
}

u(s, y)dy,

= −Ṽ3 − V4,
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where

Ṽ3 =
∫ t

0
ds
∫

Rm
∇H(t− s, x− y).∇ρN(y).u(s, y)dy.

In order to estimate |Ṽ3|, we note |∇ρN(y)| ≤ CN−1. Now compute

|∇xH(t, x)|.

|∇xH(t, x)|2 =
m
∑

i=1

| ∂
∂xi

H(t, x)|2

= C ′t−mexp(−|x|
2

2t
)t−2,

where C ′ is a constant depending on |x|. Then

|∇xH(t, x)| = C ′t−m/2exp(−|x|
2

4t
)t−1,

≤ C ′t−m/2exp(−|x|
2

9t
)t−1/2,

= C ′t−(m+1)/2exp(−|x|
2

9t
).

Therefore we have

|∇xH(t, x)| = C ′t−(m+1)/2exp(−|x|
2

9t
). (2.5)

We may suppose that

|u(s, y)| ≤Mexp(|y|β), (0 ≤ s ≤ T, y ∈ Rm) (2.6)

with some constants M > 0 and β ∈ (0, 2), u(s, y) ∈ E [0, T ]. Then

|Ṽ3| = |
∫ t

0
ds
∫

Rm
∇H(t− s, x− y).∇ρN(y).u(s, y)dy|

≤ CN−1
∫ t

0
t−(m+1)/2ds

∫

Rm
exp(−|x− y|2

9(t− s)
)exp(|y|β)dy,
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if we let y = x+ 3
√
t− sξ, then

|Ṽ3| ≤ CN−1
∫ t

0
(t− s)−1/2ds

∫

Rm
exp(−|ξ|2)exp(|x+ 3

√
t− sξ|β)dξ

≤ C ′N−1
∫ t

0
(t− s)−1/2ds

∫

Rm
exp(−|ξ|2)exp(3β(t− s)β/2|ξ|β)dξ

≤ C ′′N−1 → 0 as N →∞,

with C ′′ depending only on x and t. Thus we have |Ṽ3| → 0 as N → ∞ and

consequently

|V3| ≤ |Ṽ3|+ |V4| → 0 as N →∞.

Since

lim
N→∞

νN(x, t) = lim
N→∞

ρN(x)u(x, t) = u(x, t),

from (2.4) we get

u(x, t) = u0(x, t) + φu(x, t). (2.7)

Remark. Let u(x, t) be as in the preceding proposition. In addition, assume

that the initial value a(x) of u(x, t) is not trivial. Then u = u(x, t) > 0 if

t > 0.

Proposition 2.2.2 Let u(x, t) be a regular solution of (2.1) -(2.2) in E [0, T ].

Then we have

∂

∂xj
u(x, t) ∈ E [0, T ], (j = 1, 2, ...,m).

Proof.Suppose that ν(y, s) is a function in E [0, T ] satisfying (2.6). Put

w(x, t) =
∫ t

0
ds
∫

Rm
H(t− s, x− y)ν(y, s)dy. (2.8)
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Then

∂

∂xj
w(x, t) =

∫ t

0
ds
∫

Rm

∂

∂xj
H(t− s, x− y)ν(y, s)dy,

by means of (2.5) we have

| ∂
∂xj

H(t− s, x− y)| ≤ Ct−(m+1)/2exp(−|x|
2

9t
).

For any positive constant λ we can choose N > 0 and γ in β < γ < 2 satisfying

exp(λ|x|β) ≤ Nexp(|x|β), (x ∈ R
m),

we see that

| ∂w
∂xj

(x, t)| ≤
∫ t

0
ds
∫

Rm
| ∂
∂xj

H(t− s, x− y)||ν(y, s)|dy

≤ C
∫ t

0
(t− s)−(m+1)/2ds

∫

Rm
exp(−|x− y|2

9(t− s)
)exp(|y|β)dy,

if we let y = x+ 3
√
t− sξ then

| ∂w
∂xj

(x, t)| ≤ C
∫ t

0
(t− s)−1/2ds

∫

Rm
exp(−|ξ|2)exp(|x+ 3

√
t− sξ|β)dξ,

≤ C
∫ t

0
(t− s)−1/2ds

∫

Rm
exp(−|ξ|2)exp((|x|+ 3

√
t|ξ|)β)dξ,

≤ Cexp(|x|γ)
∫ t

0
(t− s)−1/2ds

∫

Rm
exp(−|ξ|2)exp(3βtβ/2|ξ|β)dξ,

≤ C ′exp(|x|γ)
∫ t

0
(t− s)−1/2ds,

≤ C ′′exp(|x|γ),

where C ′′ is a constant depending on t and γ in β < γ < 2. This shows

∂

∂xj
w(x, t) ∈ E [0, T ], (j = 1, 2, ...,m).
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Since a(y) ∈ A then

| ∂
∂xj

u0(x, t)| ≤ |∇xu0(x, t)|

= |
∫

Rm
∇xH(t, x− y)a(y)dy|

≤ C
∫

Rm
|∇xH(t, x− y)|dy

≤ C ′t−(m+1)/2
∫

Rm
exp(−|x− y|2

9t
)dy,

≤ C ′′t−1/2πm/2 = C1

where C1 is a constant depending on t. On the other hand we can put ν(x, t) =

u1+α(x, t) in (2.8) since u ∈ E [0, T ] implies that u1+α ∈ E [0, T ]. Hence we get

∂

∂xj
(φu)(x, t) ∈ E [0, T ].

Since u = u0 + φu, we have

| ∂
∂xj

u(x, t)| ≤ | ∂
∂xj

u0(x, t)|+ |
∂

∂xj
(φu)(x, t)| ≤ C1 + C ′′exp(|x|γ).

So we can choose some constants C > 0 and γ < 2 such that

| ∂
∂xj

u(x, t)| ≤ Cexp(|x|γ)

i.e.

∂

∂xj
u(x, t) ∈ E [0, T ].

Proposition 2.2.3 Let u(x, t) be a non-negative continuous solution of (2.7)

in QT = [0, T ]×Rm. Suppose that u(x, t) is bounded in QT . Then

i)∇xu, ∇x∇xu and ut are continuous and bounded in QT ,

ii) u is the regular solution of (2.1) -(2.2) in [0, T ].
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Proof.For the proof of boundedness of ∇xu, it is enough to prove that | ∂u
∂xj
| is

bounded. From Proposition 2.2.1 we get

| ∂u
∂xj

(x, t)| = |∂u0
∂xj

(x, t) +
∫ t

0
ds
∫

Rm

∂

∂xj
H(t− s, x− y)u1+α(y, s)dy|

≤
∫

Rm
| − ∂

∂yj
H(t− s, x− y)||a(y)|dy

+
∫ t

0
ds
∫

Rm
| − ∂

∂yj
H(t− s, x− y)||u1+α(y, s)|dy,

since u is bounded, u1+α is also bounded in QT and since a(y) ∈ A, a(y) is

also bounded in R
m. Therefore we obtain

| ∂u
∂xj

(x, t)| ≤ C0

∫

Rm
|∇yH(t− s, x− y)|dy

+ C1

∫ t

0
ds
∫

Rm
|∇yH(t− s, x− y)|dy,

where

∫

Rm
|∇yH(t− s, x− y)|dy ≤ C(t− s)−(m+1)/2

∫

Rm
exp(−|x− y|2

9(t− s)
)dy,

≤ C(t− s)−(m+1)/2(9(t− s))m/2
∫

Rm
exp(−|ξ|2)dξ,

= C(t− s)−1/2
∫

Rm
exp(−|ξ|2)dξ,

= C(t− s)−1/2πm/2 = C2,

and thus

| ∂u
∂xj

(x, t)| ≤ C3 + C4

∫ t

0
(t− s)−1/2ds = C

which states that ∂u
∂xj

(x, t) is bounded in QT . Since a(x) and u1+α(x, t) are

continuous in QT ,
∂u
∂xj

(x, t) is not continuous only if t = s but, t 6= s otherwise

H(t− s, x− y) becomes undefined (0 ≤ s < t ≤ T ). So we can conclude that
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uα ∂u
∂xj

(x, t) is also continuous and bounded in QT , therefore

|uα ∂u
∂xj

(x, t)| ≤ C,

for some constant C > 0.

For the proof of boundedness of ∆xu(x, t), it is enough to prove that

∂2u
∂x2

i
(x, t) is bounded. Using integration by parts we get

∂u

∂xj
(x, t) =

∂u0
∂xj

(x, t) +
∫ t

0
ds
∫

Rm

∂

∂xj
H(t− s, x− y)u1+α(y, s)dy

=
∂u0
∂xj

(x, t)−
∫ t

0
ds
∫

Rm

∂

∂yj
H(t− s, x− y)u1+α(y, s)dy

=
∂u0
∂xj

(x, t)−
∫ t

0

{

H(t− s, x− y)u1+α(s, y) |∂Rm

− (1 + α)
∫

Rm
H(t− s, x− y)uα(y, s)

∂u

∂yj
(y, s)dy

}

ds,

since H(t− s, x− y) = 0 on ∂R
m,

∂u

∂xj
(x, t) =

∂u0
∂xj

(x, t) + (1 + α)
∫ t

0
ds
∫

Rm
H(t− s, x− y)uα(y, s)

∂u

∂yj
(y, s)dy.

(2.9)

On account of the boundedness of uα ∂u
∂xj

(x, t), differentiating (2.9) with respect

to xk we get

| ∂2u

∂xk∂xj
(x, t)| ≤ | ∂

2u0
∂xk∂xj

(x, t)|

+ (1 + α)
∫ t

0
ds
∫

Rm
| ∂
∂xk

H(t− s, x− y)||uα(y, s) ∂u
∂yj

(y, s)|dy (2.10)

≤ | ∂
2u0

∂xk∂xj
(x, t)|+ C

∫ t

0
ds
∫

Rm
| ∂
∂yk

H(t− s, x− y)|dy

≤
∫

Rm
| ∂2

∂xk∂xj
H(t− s, x− y)||a(y)|dy

+ C
∫ t

0
ds
∫

Rm
|∇xH(t− s, x− y)|dy
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Now the boundedness of
∫

Rm |∇xH(t− s, x− y)|dy and a(y) imply

| ∂
2

∂x2i
u(x, t)| ≤ C

∫

Rm
| ∂

2

∂x2i
H(t− s, x− y)|dy + C ′,

≤ C
∫

Rm
|∆xH(t− s, x− y)|dy + C ′,

= C
∫

Rm
| ∂
∂t
H(t− s, x− y)|dy + C ′,

≤ C
∂

∂t

∫

Rm
H(t− s, x− y)dy + C ′,

= C ′,

for j = k = 1. So ∂2

∂x2
i
u(x, t) is bounded in QT . Since ∂

∂yj
H(t − s, x − y),

∂2

∂yk∂yj
H(t − s, x − y), a(y) and uα ∂u

∂yj
(y, s) are continuous in QT , (2.10) gives

that ∂2

∂x2
i
u(x, t) is also continuous in QT .

Next, we claim that u = u(t, x) is Hölder continuous in t in the sense

that there is a constant C independent of t and x such that

|u(t+ h, x)− u(t, h)| ≤ C
√
h, (0 ≤ t < t+ h ≤ T, x ∈ Rm).

First we will show that

u0(t, x) =
∫

Rm
H(t, x− y)a(y)dy = (4πt)−m/2

∫

Rm
exp(−|x− y|2

4t
)a(y)dy

is Hölder continuous.

If we let y = x+ 2
√
tξ, then we get

u0(t, x) = (4πt)−m/2(4t)m/2
∫

Rm
exp(−|ξ|2)a(x+ 2

√
tξ)dξ

= π−m/2
∫

Rm
exp(−|ξ|2)a(x+ 2

√
tξ)dξ.

In a similar way we find

u0(t+ h, x) = π−m/2
∫

Rm
exp(−|ξ|2)a(x+ 2

√
t+ hξ)dξ,
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which leads to

|u0(t+ h, x)− u0(t, x)| ≤ π−m/2
∫

Rm
exp(−|ξ|2)|a(x+ 2

√
t+ hξ),

− a(x+ 2
√
tξ)|dξ.

Since a(y) ∈ A, a(y) and ∇ya(y) are bounded in R
m. So if we apply mean

value theorem to a(y), we get

|a(x+ 2
√
t+ hξ)− a(x+ 2

√
tξ)| = |∇ya(η)||x+ 2

√
t+ hξ − x− 2

√
tξ|

≤ 2C|ξ|
√
t+ h−

√
t|

≤ K|
√
t+

√
h−

√
t|

= K
√
h.

So

|u0(t+ h, x)− u0(t, x)| ≤ Kπ−m/2
√
h
∫

Rm
exp(−|ξ|2)dξ

= K
√
hπ−m/2πm/2 = K

√
h.

Therefore u0(t, x) is Hölder continuous in t.

In order to show that the Hölder continuity of u(t, x), which is given by

(2.7), it is enough to show that (φu)(t, x) = w(t, x) is Hölder continuous. Thus

we will evaluate

Ih = w(t+ h, x)− w(t, x)

=
∫ t+h

0
ds
∫

Rm
H(t+ h− s, x− y)u1+α(s, y)dy

−
∫ t

0
ds
∫

Rm
H(t− s, x− y)u1+α(s, y)dy

=
∫ t+h

t
ds
∫

Rm
H(t+ h− s, x− y)u1+α(s, y)dy
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+
∫ t

0
ds
∫

Rm
H(t+ h− s, x− z)u1+α(s, z)dz

−
∫ t

0
ds
∫

Rm
H(t− s, x− y)u1+α(s, y)dy

where we have used

∫

Rm
H(t, x− y)H(γ, y)dy

= (4πt)−m/2(4πγ)−m/2
∫

Rm
exp(−|x− y|2

4t
).exp(−|y|

2

4γ
)dy.

If we let y = x+ 2
√
tξ, we get

∫

Rm
H(t, x− y)H(γ, y)dy

= (4π2γ)−m/2
∫

Rm
exp(−|ξ|2)exp(− 1

4γ
|x+ (4t)1/2ξ|2)dξi

= (4π2γ)−m/2
m
∏

i=1

∫

R
exp(−|ξi|2)exp(−

1

4γ
|xi + (4t)1/2ξi|2)dξi

= (4π2γ)−m/2
m
∏

i=1

exp(−|xi|
2

4γ
)
∫

R
exp(−(t+ γ)

γ
{ξ2i +

t1/2

t+ γ
xiξi})

= (4π2γ)−m/2e−
|x|2

4γ

m
∏

i=1

∫

R
exp(−(t+ γ)

γ
{ξi +

t1/2

2(t+ γ)
xi}2

+
t

4γ(t+ γ)
x2i )dξi

= (4π2γ)−m/2e−
|x|2

4γ e
t

4γ(t+γ)
|x|2

m
∏

i=1

∫

R
exp(−(t+ γ)

γ
{ξi +

t1/2

2(t+ γ)
xi}2)dξi.

Using substitution zi = ξi +
t1/2

2(t+γ)
xi, we have

∫

Rm
H(t, x− y)H(γ, y)dy

= (4π2γ)−m/2e−
−|x|2

4(t+γ)

m
∏

i=1

∫

R
exp(−(t+ γ)

γ
z2i )dzi

= (4π2γ)−m/2e−
−|x|2

4(t+γ)

m
∏

i=1

(
πγ

t+ γ
)1/2
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= (4π2γ)−m/2e−
−|x|2

4(t+γ) (
πγ

t+ γ
)m/2

= {4π(t+ γ)}−m/2 exp(− −|x|2
4(t+ γ)

)

= H(t+ γ, x)

and this also yields

∫

Rm
H(t− s, x− y)H(h, x− y)dy = H(t+ h− s, x− z). (2.11)

Now introducing

I1 =
∫ t+h

t
ds
∫

Rm
H(t+ h− s, x− y)u1+α(s, y)dy

and

ν(s, y) =
∫

Rm
H(h, y − z)u1+α(s, z)dz − u1+α(s, y)

we find

Ih = I1 +
∫ t

0
ds
∫

Rm
H(t− s, x− y)ν(s, y)dy.

For sake of simplicity, letus use the notation

I2 =
∫ t

0
ds
∫

Rm
H(t− s, x− y)ν(s, y)dy.

Hence

Ih = I1 + I2.

Because of the boundedness of u(t, x), it is obvious that

|I1| = |
∫ t+h

t
ds
∫

Rm
H(t+ h− s, x− y)u1+α(s, y)dy|

≤ C
∫ t+h

t
ds
∫

Rm
H(t+ h− s, x− y)dy

= C
∫ t+h

t
ds.1 = Ch.
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On the other hand, we have

|ν(s, y)| = |
∫

Rm
H(h, y − z)u1+α(s, z)dz − u1+α(s, y)|

= |
∫

Rm
(4πh)−m/2exp(−|y − z|2

4h
){u1+α(s, z)− u1+α(s, y)}dz|

≤ C
√
h

since |∇x(u
1+α(s, x))| = (1 + α)uα(s, x)|∇xu(s, x)| < C in QT .

Therefore we get

|I2| ≤
∫ t

0
ds
∫

Rm
H(t− s, x− y)|ν(s, y)|dy

≤ C ′′
√
h
∫ t

0
ds
∫

Rm
H(t− s, x− y)dy

= C ′′
√
h
∫ t

0
ds

≤ C ′′T
√
h = C0

√
h.

Then

|w(t+ h, x)− w(t, x)| ≤ |I1|+ |I2| ≤ Ch+ C0
√
h ≤ C1

√
h

for some C1 > 0. This will establish the uniform Hölder continuity of u(t, x)

in t.

We turn to ut. Taking a small positive number ε, we put

(φεu)(t, x) =
∫ t−ε

0
ds
∫

Rm
H(t− s, x− y)u1+α(s, y)dy, (ε ≤ t ≤ T, x ∈ R

m).

Since u1+α(t, x) is bounded,

|φεu(t, x)− φu(t, x)| = |
∫ t

t−ε
ds
∫

Rm
H(t− s, x− y)u1+α(s, y)dy|

≤
∫ t

t−ε
ds
∫

Rm
H(t− s, x− y)|u1+α(s, y)|dy
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≤ C
∫ t

t−ε
ds
∫

Rm
H(t− s, x− y)dy

= C
∫ t

t−ε
ds.1

= Cε→ 0 as ε→ 0.

Therefore φεu(t, x) tends to φu(t, x) as ε→ 0 unifomly in [δ, T ]×Rm, δ being

a positive number. Recalling

∂

∂t
H(t− s, x− y) = ∆xH(t− s, x− y) = ∆yH(t− s, x− y),

we have

∂

∂t
(φεu)(t, x) =

∂

∂t

∫ t−ε

0
ds
∫

Rm
H(t− s, x− y)u1+α(s, y)dy

=
∫

Rm
H(t− (t− ε), x− y)u1+α(t− ε, y)dy

+
∫ t−ε

0
ds
∫

Rm

∂

∂t
H(t− s, x− y)u1+α(s, y)dy

=
∫

Rm
H(ε, x− y)u1+α(t− ε, y)dy

+
∫ t−ε

0
ds
∫

Rm
∆yH(t− s, x− y)u1+α(s, y)dy,

if we apply the Green’s identity to second integral of the above equation, we

get

∫

Rm
∆yH(t− s, x− y)u1+α(s, y)dy =

∫

∂Rm

{

u1+α(s, y)
∂

∂n
H(t− s, x− y)

− H(t− s, x− y)
∂

∂n
u1+α(s, y)

}

dS

+
∫

Rm
H(t− s, x− y)∆yu

1+α(s, y)dy

=
∫

Rm
H(t− s, x− y)∆yu

1+α(s, y)dy,

since

∫

∂Rm

{

u1+α(s, y)
∂

∂n
H(t− s, x− y)−H(t− s, x− y)

∂

∂n
u1+α(s, y)

}

dS = 0.
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So we get

∂

∂t
(φεu)(t, x) = Ĩ1 + Ĩ2

where

Ĩ1 =
∫

Rm
H(ε, x− y)u1+α(t− ε, y)dy

and

Ĩ2 =
∫ t−ε

0

∫

Rm
H(t− s, x− y)∆yu

1+α(s, y)dy.

Then

|Ĩ1 − u1+α(t, x)| = |
∫

Rm
H(ε, x− y)u1+α(t− ε, y)dy − u1+α(t, x)|

= |(4πε)−m/2
∫

Rm
exp(−|x− y|2

4ε
)u1+α(t− ε, y)dy

− u1+α(t, x)|

if we let y = x+ 2
√
εξ and put πm/2 =

∫

Rm exp(|ξ|2)dξ, we get

|Ĩ1 − u1+α(t, x)| = π−m/2|
∫

Rm
exp(−|ξ|2)u1+α(t− ε, x+ 2

√
ε)dξ

−
∫

Rm
exp(−|ξ|2)u1+α(t, x)|dξ|

≤ π−m/2
∫

Rm
exp(−|ξ|2)|u1+α(t− ε, x+ 2

√
ε)− u1+α(t, x)|dξ.

Since u1+α(s, y) is bounded and uniformly continuous in QT ,

|u1+α(t− ε, x+ 2
√
ε)− u1+α(t, x)| → 0 as ε→ 0.

Therefore

Ĩ1 → u1+α(t, x) as ε→ 0.

On the other hand, Ĩ2 converges uniformly in QT to

ϕ(t, x) =
∫ t

0
ds
∫

Rm
H(t− s, x− y)∆yu

1+α(s, y)dy,
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by boundedness of ∆yu
1+α(s, y) in QT . Then

|Ĩ2 − ϕ(t, x)| = |
∫ t

t−ε
ds
∫

Rm
H(t− s, x− y)∆yu

1+α(s, y)dy|

≤
∫ t

t−ε
ds
∫

Rm
H(t− s, x− y)|∆yu

1+α(s, y)|dy

≤ C
∫ t

t−ε
ds
∫

Rm
H(t− s, x− y)dy

= C
∫ t

t−ε
ds.1

= Cε → 0 as ε→ 0.

At this stage we have

∂

∂t
φu(t, x) = u1+α(t, x) + ϕ(t, x)

and since

ϕ(t, x) =
∫ t

0
ds
∫

Rm
H(t− s, x− y)∆yu

1+α(s, y)dy

=
∫ t

0
ds
∫

Rm
∆yH(t− s, x− y)u1+α(s, y)dy

=
∫ t

0
ds
∫

Rm
∆xH(t− s, x− y)u1+α(s, y)dy

= ∆x

{
∫ t

0
ds
∫

Rm
∆xH(t− s, x− y)u1+α(s, y)dy

}

= ∆xφu(t, x),

we get

∂

∂t
φu(t, x) = u1+α(t, x) + ∆xφu(t, x).

From the proposition 2.2.1, if we put φu = u− u0, then

∂

∂t
(u(t, x)− u0(t, x)) = u1+α(t, x) + ∆(u(t, x)− u0(t, x))

ut(t, x)−
∂

∂t
u0(t, x) = u1+α(t, x) + ∆u(t, x)−∆u0(t, x))
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and since

∂

∂t
u0(t, x) =

∫

Rm

∂

∂t
H(t, x− y)a(y)dy

=
∫

Rm
∆xH(t, x− y)a(y)dy

= ∆x

∫

Rm
H(t, x− y)a(y)dy

= ∆xu0(t, x),

we get

ut(t, x) = u1+α(t, x) + ∆u(t, x).

Thus we established (i) and (ii) in the proposition.

Now we put

‖ ν ‖= sup
x∈Rm,0≤t

ν(t, x)

ρ(t, x)

for any function ν with |ν| ∈ L[′,∞) being H(t+ γ). Then obviously we have

|ν(t, x)| =‖ ν ‖ ρ(t, x). (2.12)

We will study the non-linear integral transformation φ defined by

(φu)(t, x) =
∫ t

0
ds
∫

Rm
H(t− s, x− y)u1+α(s, y)dy. (2.13)

Lemma 2.2.4 Let u = u(t, x) be a regular solution of (2.1) -(2.2) in E [0, T ]

with a nontrivial initial value a ∈ A. Then we have

J−α0 − u(t, 0)−α ≥ αt, (0 ≤ t ≤ T )

where

J0 = J0(t) =
∫

Rm
H(t, x)a(x)dx.
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and

H(t, x) = (4πt)−m/2exp(−|x|
2

4t
) (t > 0, x ∈ R

m)

is the Green Function of the heat equation.

Proof.Let ε be a positive constant. Fix t in 0 ≤ t ≤ T . Then we put

νε = νε(s, x) = H(t− s+ ε, x), (0 ≤ s ≤ t ≤ T, x ∈ R
m)

and

Jε = Jε(s) =
∫

Rm
νε(s, x)u(s, x)dx.

We can conclude that, νε is regular in QT = [0, T ]×R
m since H(t, x) is regular

in QT . Also

∂νε
∂s

= −∆νε

since Ht(t, x) = ∆H(t, x).

Since νε(s, x) is positive everywhere in [0, t] × R
m and u(s, x) is also

positive in (0, t] × R
m, Jε > 0 ∀s ∈ [0, t], and also u and νε are continuous,

thus Jε > 0 is also continuous in s if it exists.

Since u ∈ E [0, T ], there are some positive constants M and β < 2 such

that

0 ≤ u(s, x) ≤Mexp(|x|β), (0 ≤ s ≤ T, x ∈ R
m).

Now we will prove the existence of Jε. Let x = 2(t − s + ε)1/2η and

dx = 2m(t− s+ ε)m/2dη), then we have

0 ≤ Jε(s) =
∫

Rm
H(t− s+ ε)u(s, x)dx

≤ M
∫

Rm
H(t− s+ ε, x)exp(|x|β)dx
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= Mπ−m/2
∫

Rm
exp(−|η|2)exp(2β(t− s+ ε)

β
2 |η|β)dη

≤ Mπ−m/2
∫

Rm
exp(−|η|2 + 2β(t+ ε)

β
2 |η|β)

≤ Mπ−m/2
∫

Rm
exp(−|η|2 + γ|η|β)dη.

Now claim that Im =
∫

Rm exp(−|η|2 + γ|η|β)dη <∞. Since

|η|β = {
m
∑

i=1

|ηi|2}β/2 ≤
m
∑

i=1

|ηi|β for β/2 < 1

we have

−|η|2 + γ|η|β ≤ −
m
∑

i=1

|ηi|2 + γ
m
∑

i=1

|ηi|β =
m
∑

i=1

(−|ηi|2 + γ|ηi|β)

Then

Im ≤
∫

Rm
exp(

m
∑

i=1

(−|ηi|2 + γ|ηi|β)dη

=
m
∏

i=1

∫

R
exp(−|ηi|2 + γ|ηi|β)dηi

= 2m
m
∏

i=1

∫ ∞

0
exp(−η2i + γηβi )dηi.

Since
∫ 1
0 exp(−η2i + γηβi )dηi = c for some constant c > 0, it is enough to prove

the convergence of
∫∞
1 exp(−η2i + γηβi )dηi. Since

lim
ηi→∞

exp(−η2i + γηβi )

1/η2i
= 0 and

∫ ∞

1

dηi
η2i

is convergent,

so by limit comparison test

∫ ∞

1
exp(−η2i + γηβi )dηi
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also converges. Therefore

∫ ∞

0
exp(−η2i + γηβi )dηi ≤ C <∞,

for some constant C > 0. So Im ≤ 2mCm <∞. Therefore Jε exists uniformly

and is a continuous function of s.

Furthermore, Jε is continuously differentiable and satisfies the following

equation

dJε(s)

ds
=
∫

Rm
νε(s, x)u(s, x)

1+αdx. (2.14)

We put

J (N)(s) =
∫

Rm
νε.u.ρNdx (N = 1, 2, ..).

where ρN as in introduced in (2.3).

Now claim that J (N)(s) tends to Jε(s) as N →∞ uniformly in s;

|J (N)(s)− Jε(s)| = |
∫

Rm
νε.u.ρNdx−

∫

Rm
νε.udx| ≤

∫

Rm
νε.u|ρN − 1|dx→ 0

as N →∞. Since as N →∞, x/N converges to center of the ball in Rm

(i.e. |x/N | < 1), ρN(x) = ρ(x/N)→ 1 as N →∞. Therefore

|ρN(x)− 1| → 0 as N →∞.

So we can differentiate J (N)(s),

d

ds
J (N)(s) =

∫

Rm

d

ds
(νε.u)ρN(x)dx

=
∫

Rm
(
d

ds
νε.u+ νε.

d

ds
u)ρN(x)dx

=
∫

Rm
(−∆νε.u+ νε.∆u).ρNdx+

∫

Rm
νε.u

1+α.ρNdx.

=: I1 + I2
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First let us take I2:

|I2 −
∫

Rm
νε(s, x)u(s, x)

1+αdx| = |
∫

Rm
νε(s, x)u(s, x)

1+α.ρNdx

−
∫

Rm
νε(s, x)u(s, x)

1+αdx|

≤
∫

Rm
νε(s, x)u(s, x)

1+α|ρN(x)− 1|dx

which tends to 0 as N →∞. Thus I2 tends to right hand side of (2.14). Now

let us prove that I1 → 0 as N →∞.

I1 =
∫

Rm
(−∆νε.u+ νε.∆u)ρNdx

= −
∫

Rm
∆νε.(uρN)dx+

∫

Rm
νε.∆u.ρNdx

if we use Green‘s formula for the first part of the above integral, then we get

I1 = −
∫

Rm
νε.∆(uρN)dx−

∫

∂Rm
(u.ρN

∂νε
∂n

− νε
∂(uρN)

∂n
)dσ

+
∫

Rm
νε.∆u.ρNdx.

Let us B(0, δ) be a ball in R
m. Then

νε |∂B(0,δ)= H(t− s+ ε, δ) = [4π(t− s+ ε)]−m/2exp(− δ2

4(t− s+ ε)
)

tends to 0 as δ →∞. Therefore νε |∂Rm= 0 and

ρN(x) |∂B(0,δ)= ρN(δ) = ρ(
δ

N
)

tends to 0as δ →∞, for a fixed N , |δ| > N . Therefore ρN(x) |∂Rm= 0.

Thus

I1 = −2
∫

Rm
νε.∇u.∇ρNdx−

∫

νε.u.∆ρNdx.
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Let

pN ≡ |
∫

Rm
νε.∇u.∇ρNdx| ≤

∫

Rm
νε.|∇u|.|∇ρN |dx.

From proposition (2.2.2) we have ∂u
∂xi
∈ E [0, T ], |∇u| ∈ E [0, T ]. Therefore we

have
∫

Rm
νε|∇u|dx ≤ C <∞

as in the proof of the existence of the Jε.

Now claim that |∇ρN | ≤ CN−1 and |∆ρN | ≤ CN−2 for some positive

constant C. It is easy to see that |∇ρN | ≤ CN−1 and |∆ρN | ≤ CN−2 holds.

Therefore ρN ≤ CN−1 → 0 as N →∞. We have also

qN ≡ |
∫

Rm
νε.u.∆ρNdx| ≤

∫

Rm
νε.u.|∆ρN |dx

≤ CN−2
∫

Rm
νε.udx

= CN−2Jε(s)

≤ CN−2 → 0 as N →∞.

As a consequence

d

sd
JN(s)→ d

ds
Jε(s) uniformly as N →∞.

Then by Jensen’s inequality [[6], page 151] (u1+α is the convex function of u,

since α > 0)

d

ds
Jε(s) =

∫

Rm
νε(s, x)u(s, x)

1+αdx

≥
{

∫

Rm νεudx
∫

Rm νεdx

}1+α

.
∫

Rm
νεdx

= (
∫

Rm
νε.udx)

1+α

= J1+αε (s).
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On the other hand

∫

Rm
νε(s, x)dx =

∫

Rm
H(t− s+ ε, x)dx

= [4π(t− s+ ε)]−m/2
∫

Rm
exp(− |x|2

4(t− s+ ε)
)dx

= π−m/2πm/2 = 1.

Hence

d

ds
Jε(s) ≥ Jε(s)

1+α, (0 ≤ s ≤ t).

Then Jε(s)
−1−αdJε(s) ≥ ds or,

∫ t

0
Jε(s)

−1−αdJε(s) ≥
∫ t

0
ds

J−αε (0)− J−αε (t) ≥ αt. (2.15)

A direct computation gives that

|Jε(0)− J0(0)| = |
∫

Rm
H(t+ ε, x)u(0, x)dx−

∫

Rm
H(t, x)u(0, x)dx|

≤
∫

Rm
|H(t+ ε, x)−H(t, x)|a(x)dx→ 0 as ε→ 0.

or Jε(0)→ J0. Now we claim that Jε(t)→ u(t, 0) as ε→ 0;

|Jε(t)− u(t, 0)| = |
∫

Rm
H(ε, x)u(t, x)dx− u(0, x)

∫

Rm
H(ε, x)dx|

≤
∫

Rm
H(ε, x)|u(t, x)− u(t, 0)|dx→ 0 as ε→ 0

since H(ε, x) → 0 as ε → 0. Therefore Jε(t) → u(t, 0) as ε → 0. If we take

the limit of both side of the inequality (2.15), then we get

J−α0 − u(t, 0)−α ≥ αt. (2.16)

This completes the proof of the lemma.
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Theorem 2.2.5 [4] Let 0 < mα < 2. Suppose that a ∈ A does not van-

ish identically. Then there exists no global solution of (2.1)-(2.2) in E [0,∞).

Proof.Suppose that there exists a global solution of (2.1)-(2.2) in E [0,∞).

From Lemma 2.2.4

J−α0 ≥ u(t, 0)−α + αt ≥ αt,

where J0 =
∫

RM H(t, x)a(x)dx. Without loss of generality we can can assume

that a(x) > 0 in a neighborhood of origin. Then we can choose positive

constants γ and δ such that |x| < 2δ implies a(x) > γ. Now we restrict t ≥ δ2.

Then,

J0 = (4πt)−m/2
∫

Rm
exp(−|x|

2

4t
)a(x)dx

≥ (4πt)−m/2γ
∫

|x|<2δ
exp(−|x|

2

4t
)dx.

Since |x| < 2δ and δ2/t ≤ 1, we get

J0 ≥ γexp(−1)(4πt)−m/2
∫

|x|<2δ
dx = C2t

−m/2.

Consequently,

C2t
−m/2 ≤ J0 ≤ C1t

−1/α or tmα/2−1 ≥ (C1/C2)
α = Cα > 0

but the above inequality is impossible for a large t, because by our assumption

0 < mα < 2 (i.e. mα/2− 1 < 0). This completes the proof of Theorem 2.2.5.

2.3 Global Existence of Solutions

Under suitable conditions we may have the existence of global solutions.

First of all, suppose a ∈ A is subject to

0 ≤ a(x) ≤ δH(γ, x)
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for some positive constants γ and δ. We fix γ here and will determine δ later.

u(t, x) = u0(t, x) +
∫ t

0
ds
∫

Rm
H(t− s, x− y)u1+α(s, y)dy (2.17)

where

u0(t, x) =
∫

Rm
H(t, x− y)a(y)dy (2.18)

is the integral equation asociated with (2.1)-(2.2). We are going to solve (2.17)-

(2.18) by iteration in class L[0,∞).[4]

Lemma 2.3.1 Let mα > 2. Then φρ(t, x) ∈ L[0,∞) and

‖ φρ(t, x) ‖≤ c0.

where ρ(t, x) = H(t+ γ, x) and c0 is constant given by

c0 = (4π)−mα/2
∫ ∞

0
(s+ γ)−mα/2ds =

2γ

2−mα
(4πγ)−mα/2.

Proof.From the equation (2.13), φρ(t, x) ≥ 0 is obvious and the continuity of

φH(t+ γ, x) is clear, since γ, t are positive. We note

ρα(s, y) = Hα(s+ γ, y),

= (4π(s+ γ))−mα/2exp(− α|y|2
4(s+ γ)

),

≤ (4π(s+ γ))−mα/2.

This yields

0 ≤ φρ(t, x) =
∫ t

0
ds
∫

Rm
H(t− s, x− y)ρ1+α(s, y)dy

=
∫ t

0
ds
∫

Rm
H(t− s, x− y)H(s+ γ, y)ρα(s, y)dy
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≤
∫ t

0
ds
∫

Rm
H(t− s, x− y)H(s+ γ, y)(4π(s+ γ))−mα/2dy

=
∫ t

0
(4π(s+ γ))−mα/2ds

∫

Rm
H(t− s, x− y)H(s+ γ, y)dy

≤ H(t+ γ, x)(4π)−mα/2
∫ ∞

0
(s+ γ)−mα/2ds

= c0ρ(t, x).

So we have

‖ φρ(t, x) ‖= sup
x∈Rm,t≥0

|φρ(t, x)|
ρ(t, x)

≤ c0

which completes the proof.

Lemma 2.3.2 Let mα > 2 and let u ∈ L[0,∞). Then φu ∈ L[0,∞) and we

have

‖ φu ‖≤ c0 ‖ u ‖1+α .

Proof.

|φu(t, x)| = |
∫ t

0
ds
∫

Rm
H(t− s, x− y)u1+α(s, y)dy|,

≤
∫ t

0
ds
∫

Rm
H(t− s, x− y)|u(s, y)|1+αdy.

From the inequality (2.12) and Lemma 2.3.1, we have

|φu(t, x)| ≤ ‖ u(t, x) ‖1+α
∫ t

0
ds
∫

Rm
H(t− s, x− y)ρ1+α(s, y)dy

= ‖ u(t, x) ‖1+α φρ(t, x)

≤ c0 ‖ u(t, x) ‖1+α ρ(t, x).

So

|φu(t, x)|
ρ(t, x)

≤ c0 ‖ u(t, x) ‖1+α
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and

‖ φu(t, x) ‖= sup
x∈Rm,t≥0

|φu(t, x)|
ρ(t, x)

≤ c0 ‖ u(t, x) ‖1+α .

Lemma 2.3.3 Let mα > 2. Suppose that u, v ∈ L[0,∞) and they satisfy

‖ u ‖≤M and ‖ v ‖≤M

for a positive number M. Then we have

‖ φu− φv ‖≤ c0(1 + α)Mα ‖ u− v ‖ .

Proof.First of all we will show that

|p1+α − q1+α| ≤ (1 + α)|p− q|.max{pα, qα}, (p ≥ 0, q ≥ 0).

Let us assume p < q and apply mean value theorem to f(x) = x1+α on [p, q],

then

p1+α − q1+α

p− q
= (1 + α)ξα

for some ξ ∈ (p, q), and thus for arbitrary p ≥ 0, q ≥ 0 we have

|p1+α − q1+α| ≤ (1 + α)|p− q|ξα ≤ (1 + α)|p− q|.max{pα, qα}.

Putting p = u(t, x) and q = v(t, x) we get

|u1+α(t, x)− v1+α(t, x)| ≤ (1 + α)|u(t, x)− v(t, x)|.max{uα(t, x), vα(t, x)}.

Since ‖ u ‖≤ M and ‖ v ‖≤ M , |u(t, x)| ≤ Mρ(t, x) and |v(t, x)| ≤ Mρ(t, x).

Therefore

max{uα(t, x), vα(t, x)} ≤Mαρα(t, x).
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Hence we get

|u1+α(t, x)− v1+α(t, x)| ≤ (1 + α)|u(t, x)− v(t, x)|Mαρα(t, x)

≤ (1 + α)Mαρ1+α(t, x) ‖ u(t, x)− v(t, x) ‖ .

Then

|φu(t, x)− φv(t, x)| = |
∫ t

0
ds
∫

Rm
H(t− s, x− y)u1+α(s, y)dy

−
∫ t

0
ds
∫

Rm
H(t− s, x− y)v1+α(s, y)dy|

≤
∫ t

0
ds
∫

Rm
H(t− s, x− y)|u1+α(s, y)− v1+α(s, y)|dy

≤ (1 + α)Mα ‖ u(t, x)− v(t, x) ‖

.
∫ t

0
ds
∫

Rm
H(t− s, x− y)ρ1+α(s, y)dy

= (1 + α)Mα ‖ u(t, x)− v(t, x) ‖ φρ(t, x)

≤ c0(1 + α)Mα ‖ u(t, x)− v(t, x) ‖ ρ(t, x).

This inequality gives us

‖ φu(t, x)− φv(t, x) ‖ = sup
x∈Rm,t≥0

|φu(t, x)− φv(t, x)|
ρ(t, x)

≤ c0(1 + α)Mα ‖ u(t, x)− v(t, x) ‖

which completes the proof of the Lemma 2.3.3.

Lemma 2.3.4 Let 2 < mα. Take any positive number γ. Then there exists

a positive number δ with the following property: if a ∈ A and 0 ≤ δH(γ, x),

then there exists a solution of (2.7) in L[0,∞), which is subject to

0 ≤ a(x) ≤MH(t+ γ, x) (t ≥ 0, x ∈ Rm

for some positive constant M .
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Proof.We will use the the iteration defined by

un+1 = u0 + φun, (n = 0, 1, 2, ....) (2.19)

with mα > 2. According to Lemma 2.3.2, we can continue the iteration

indefinitely within L[0,∞) and get

So ‖ un ‖ is bounded for sufficiently small δ. This implies that ‖ un ‖≤

M , (n = 1, 2, ...) for some constant M =M(δ) in which M(δ)→ 0 as δ → 0

‖ un ‖= δ + c0γ
1+α
n−1 (δ).

On the other hand from Lemma 2.3.3,

‖ un+1 − un ‖ = ‖ u0 + φun − u0 − φun−1 ‖

= ‖ φun − φun−1 ‖

≤ c0(1 + α)Mα(δ) ‖ un − un−1 ‖ .

We can choose δ such that

r = c0(1 + α)Mα(δ) < 1.

Then

‖ un+1 − un ‖ ≤ r ‖ un − un−1 ‖

≤ r2 ‖ un−1 − un−2 ‖

. . . . . . . . . .

≤ rn ‖ u1 − u0 ‖

= rn ‖ φu0 ‖

≤ c0r
n ‖ u0 ‖1+α

≤ c0r
nδ1+α
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which implies that

∞
∑

n=0

‖ un+1 − un ‖≤ c0δ
1+α

∞
∑

n=0

rn =
c0δ

1+α

1− r
<∞.

So the series
∞
∑

n=0

‖ un+1 − un ‖

is convergent. Thus un converges with respect to the norm ‖ . ‖, that is, un/ρ

converges uniformly in [0,∞) × Rm. Hence there exists a function u(t, x) ∈

L[0,∞) such that

‖ un − u ‖→ 0 as n→∞. (2.20)

Using (2.19) and (2.20), we easily get that u is a solution of (2.7).

Theorem 2.3.5 [4], [11] Let 2 < mα. Take any positive number γ. Then

there exists a positive number δ with the following property: if a ∈ A and

0 ≤ δH(γ, x), then there exists a global solution of u = u(t, x) in E [0,∞),

which is subject to

0 ≤ a(x) ≤MH(t+ γ, x), (t ≥ 0, x ∈ Rm

for some positive constant M .

Proof.The solution we have constructed above is the required solution of (2.1)-

(2.2), since it is regular by the Proposition 2.2.3 and since L[0,∞) ⊂ E [0,∞).
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CHAPTER 3

CAUCHY PROBLEM FOR QUASILINEAR EQUATIONS

3.1 Introduction:

For general nonlinear dissipative operators A(u), there is no known result

for the equation

ut = A(u) + up.

In this chapter we shall look at a special case of the operator A(u). We begin

with the following initial value problem:

ut = div
{ ∇x(u)

[1 + |∇x(u)|2]1/2
}

+ up, x ∈ R
N , t > 0

u(x, 0) = u0(x) x ∈ R
N .

(”Mean Curvature.”) Again the interest is in nonnegative solutions.

3.2 Global Existence and Nonexistence of Solutions

In [9], a more general problem is considered, namely (”Generalized Mean

Curvature”)

ut = Φ(u) + up, (x, t) ∈ R
N × (0, T ) (3.1)

u(x, 0) = u0(x), x ∈ R
N (3.2)

where

Φ(u) = div{ψ[(1 + |∇u|2)1/2]∇u},
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with

(i) ψ ∈ C1,α([1,∞)); ψ(1) = ψ0 > 0,

(ii) 0 ≤ ψ′(s) + ψ(s) ≤ (1 + θ)ψ(s) (θ > 0),

(iii) ψ(s) ≤ ψM , ψM <∞.

Then the critical exponent for (3.1)-(3.2) is pc = 1 + 2/N . More precisely we

have the following theorem.

Theorem 3.2.1 Consider the problem (3.1)-(3.2). Under the above condi-

tions on ψ, with pc = 1 + 2/N , we have: (A) no positive global solutions if

1 < p < pc and (B) some global, positive solutions if p > pc. Indeed, for p > pc,

for all w0, t0 > 0, there is α0 > 0 such that if u0 ≤ α0w0exp(−|x|2/4t0w0), then

u(x, t) ≤ w0(t+ t0)
−N/2exp(−|x|2/4(t+ t0)ψ0).

Proof.(A) We assume that 1 < p < 1 + 2/N . We may assume u0 is radially

symmetric and decreasing. Let r = |x|, then |∇u|2 = u2r and

Φ(u) = div{ψ[(1 + |∇u|2)1/2]}

= Nr−1urψ(
√

1 + u2r) + r{r−1urψ(
√

1 + u2r)}′,

= r−(N−1)
{

(N − 1)rN−2urψ(
√

1 + u2r) + rN−1(urψ(
√

1 + u2r))
′
}

,

= r−(N−1){rN−1urψ(
√

1 + u2r)}′,

so the differential equation (3.1)-(3.2) takes the form

ut = r−(N−1){rN−1urψ(
√

1 + u2r)}r + up.

Let

F (t) =
∫ ∞

0
u(r, t)ϕ(r)rN−1dr
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where

ϕ(r) = C−1e−kr
2

and C =
∫ ∞

0
rN−1e−kr

2

dr =
1

2
Γ(N/2)k−N/2.

We prove the theorem by showing that F blows up in finite time for some

k > 0. So

F ′(t) =
∫ ∞

0
ut(r, t)ϕ(r)r

N−1dr,

=
∫ ∞

0
{rN−1urψ(

√

1 + u2r)}rϕ(r)dr +
∫ ∞

0
up(r, t)ϕ(r)rN−1dr,

using integration by parts for the first part of the integral above, we get

F ′(t) = −
∫ ∞

0
rN−1urψ(

√

1 + u2r)ϕr(r)dr +
∫ ∞

0
rN−1up(r, t)ϕ(r)dr,

:= I1 + I2.

Since ψ(s) ≤ ψM , ur ≤ 0 and

ϕr(r) = C−1e−kr
2

(−2kr) = −2krϕ(r) ≤ 0,

we have

I1 = −
∫ ∞

0
rN−1urψ(

√

1 + u2r)ϕr(r)dr,

≥ 2kψM

∫ ∞

0
rNurϕ(r)dr,

= −2kψM
∫ ∞

0
u(r, t){NrN−1ϕ(r) + rNϕr(r)}dr,

≥ −2kNψM
∫ ∞

0
u(r, t)rN−1ϕ(r)dr,

= −2kNψMF (t),

Applying Jensen’s Inequality to I2 we get

I2 =
∫ ∞

0
rN−1up(r, t)ϕ(r)dr,

≥
{
∫ ∞

0
rN−1u(r, t)ϕ(r)dr

}p

,

= F p(t).
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At the end we have

F ′(t) ≥ −2kNψMF (t) + F p(t).

F (t) blows up in finite time if k is such that F p−1(0) > 2kNψM . Using this

inequality we get

F ′(t) ≥ −2kNψMF (t) + F p(t) > −F p−1(0)F (t) + F p(t),

1 <
F ′(t)

F p(t)− F p−1(0)F (t)
,

∫ T

0
dt <

∫ T

0

dF (t)

F p(t)− F p−1(0)F (t)
,

T <
∫ F (T )

F (0)

dσ

σp − F p−1(0)σ
.

If F (t) blows up at T , then

T <
∫ F (T )

F (0)

dσ

σp − F (0)p−1σ
=
∫ ∞

F (0)

dσ

σp − F (0)p−1σ
<∞.

So F (t) has a finite blowing up time if

2kNψM < F p−1(0)

which leads to

2kNψM <
{

(2kN/2/Γ(N/2))
∫ ∞

0
u0(r)e

−kr2rN−1dr
}p−1

.

Thus in the case of 1 < p < 1 + 2/N ,

2NψMk
1−N

2
(p−1) <

{

(2/Γ(N/2))
∫ ∞

0
u0(r)e

−kr2rN−1dr
}p−1

will hold if k is sufficiently small.
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B. We assume p > 1 + 2/N . Let ω0, t0 > 0. Define

w(x, t) = ω0(t+ t0)
−N/2exp(−|x|2/4(t+ t0)ψ0).

Then w(x, t) satisfies the differential equation wt = ψ0∆w. It is sufficient to

show that there is a supersolution ū ≤ w. Let ū = ū(r, t) = α(t)w(r, t) and

A(s) = ψ(
√
1 + s2).

Then

Φ(ū) = r−(N−1)
{

rN−1A(ūr)ūr

}

r
,

= A(ūr)∆rū+ A′(ūr)ūrūrr,

= {A(ūr) + A′(ūr)ūr}∆rū− A′(ūr)ūr{ūrr +
N − 1

r
ūr}+ A′(ūr)ūrūrr,

= {A(ūr) + A′(ūr)ūr}∆rū−
N − 1

r
A′(ūr)ū

2
r.

We know that ū is a supersolution if

ūt ≥ Φ(ū) + ūp

therefore

α′(t)w + α(t)wt ≥ {A(ūr) + A′(ūr)ūr}∆rū−
N − 1

r
A′(ūr)ū

2
r + ūp

and

α′(t)w + α(t)wt ≥ {A(ūr) + A′(ūr)ūr}α(t)∆rw −
N − 1

r
A′(ūr)α

2(t)w2r + ūp.

This inequality gives

α′(t)w ≥ {A(ūr) + A′(ūr)ūr − ψ0}α(t)ψ−10 wt −
N − 1

r
A′(ūr)α

2(t)w2r + ūp
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or

α′(t) ≥ {A(ūr)− A(0) + A′(ūr)ūr}α(t)ψ−10
wt

w
− N − 1

r
A′(ūr)α

2(t)
w2r
w

+
ūp

w
.

Here we put ψ0 = ψ(1) = A(0). Now let us apply mean value theorem

to A(s) on [0, ūr];

A(ūr)− A(0) = ūrA
′(θūr), 0 < θ < 1.

Since w(r, t) is a solution of wt = ψ0∆w, we have

wt/w =
1

2(t+ t0)

{

−N +
r2

2(t+ t0)ψ0

}

,

wr/w =
−r

2ψ0(t+ t0)
.

So

α′(t) ≥ − Nαūr
2ψ0(t+ t0)

A′(θūr)−
αūr

2ψ0(t+ t0)
A′(ūr)

+
αūrr

2

4ψ20(t+ t0)2
{A′(θūr) + A′(ūr)}+

ūp

w
.

Now let us define

f(t) = − Nαūr
2ψ0(t+ t0)

A′(θūr)−
αūr

2ψ0(t+ t0)
A′(ūr)

+
αūrr

2

4ψ20(t+ t0)2
{A′(θūr) + A′(ūr)}+

ūp

w
.

Then

f(t) ≤
∣

∣

∣

∣

∣

− Nαūr
2ψ0(t+ t0)

A′(θūr)

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

− αūr
2ψ0(t+ t0)

A′(ūr)

∣

∣

∣

∣

∣

+

∣

∣

∣

∣

∣

αūrr
2

4ψ20(t+ t0)2
{A′(θūr) + A′(ūr)}

∣

∣

∣

∣

∣

+
∣

∣

∣

∣

ūp

w

∣

∣

∣

∣

,

=
Nα2

2ψ0(t+ t0)
|wr|.|A′(θūr)|+

α2

2ψ0(t+ t0)
|wr|.|A′(ūr)|

+
α2

4ψ20(t+ t0)2
|r2wr|

{

|A′(θūr)|+ |A′(ūr)|
}

+ αpwp−1.
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Now using e−x < x−1/2, we get

|wr| = w0(t+ t0)
−N/2 r

2(t+ t0)ψ0
.exp(− r2

4(t+ t0)ψ0
)

< w0(t+ t0)
−N/2 r

2(t+ t0)ψ0
.
2ψ

1/2
0 (t+ t0)

1/2

r

= C1(t+ t0)
− 1

2
(N+1)

for some constant C1. In a similar way, using e−x
2
< x−3, we obtain

|r2wr| < C2(t+ t0)
− 1

2
(N−1).

Let

A∗(t0) := max{|A′(s)|||s| ≤ C1(t+ t0)
− 1

2
(N+1)}.

So we have

f(t) ≤ Nα2

2ψ0(t+ t0)
C1(t+ t0)

− 1
2
(N+1)A∗(t0)

+
α2

2ψ0(t+ t0)
C1(t+ t0)

− 1
2
(N+1)A∗(t0)

+
α2

4ψ20(t+ t0)2
2C2(t+ t0)

− 1
2
(N−1)A∗(t0)

+ αpwp−1
0 (t+ t0)

−(p−1)N/2.exp(− r2(p− 1)

4(t+ t0)ψ0
)

or

f(t) ≤ A∗(t0)

2ψ0
{(N + 1)C1 + C2/ψ0}(t+ t0)

− 1
2
(N+3)α2(t)

+ wp−1
0 αp(t)(t+ t0)

−(p−1)N/2.

Then ū will be a supersolution if α(t) solves

α′(t) =
A∗(t0)

2ψ0
{(N + 1)C1 + C2/ψ0}(t+ t0)

− 1
2
(N+3)α2(t)

+ wp−1
0 αp(t)(t+ t0)

−(p−1)N/2 (3.3)
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and

0 < α ≤ 1. (3.4)

Clearly α is increasing. To show that (3.3) and (3.4) has a solution, let

ε = min{(p− 1)N/2, (N + 3)/2} − 1.

Then ε > 0 and α satisfies

α′(t) ≤ {A1α2(t) + A2α
p(t)}(t+ t0)

−1−ε (3.5)

for positive A1, A2 depending only on t0, C1, C2, w0, ψ0. Now choose α(0) =

α0 > 0 but so small that

∫ 1

α0

dσ

A1σ2 + A2σp
> ε−1t−ε0 .

(This possible since p ≥ 1.) Then from (3.5) we get

∫ t

0

dα(s)

A1α2(s) + A2αp(s)
≤
∫ t

0
(s+ t0)

−1−εds

or
∫ α(t)

α0

dσ

A1σ2 + A2σp
≤ ε−1(t−ε0 − (t+ t0)

−ε) < ε−1t−ε0 .

So we have

∫ α(t)

α0

dσ

A1σ2 + A2σp
< ε−1t−ε0 <

∫ 1

α0

dσ

A1σ2 + A2σp
.

Thus, α(t) < 1 for all t > 0. This completes the proof of the theorem.
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CHAPTER 4

EXISTENCE AND NONEXISTENCE OF GLOBAL SOLUTIONS

FOR INITIAL- BOUNDARY VALUE PROBLEMS

4.1 Introduction

In this chapter we will discuss the long time behaviour of nonnegative

solutions of

∂u

∂t
= ∆u+ up in D × (0, T ), (4.1)

u(r, θ, t) = 0 on ∂D × (0, T ) and at r =∞, (4.2)

u(r, θ, 0) = u0(r, θ) in D × {0}, (4.3)

where u0 ≥ 0 is given, p > 1, [3]. Here D = {(r, θ)|r > 0, θ ∈ Ω} defines a cone

in R
N where Ω ⊂ SN−1 be a connected submanifold of the unit sphere SN−1

in R
N with boundary ∂Ω and having positive N − 1 dimensional measure.

Now let λ = −γ− where γ− is the negative root of γ(γ+N −2) = ω1 and

where ω1 is the smallest Dirichlet eigenvalue of the Laplace-Beltrami operator

on Ω, namely

∆θψ + ω1ψ = 0 in Ω,

ψ = 0 on ∂Ω.

It is known that we may take ψ > 0 on Ω. We shall assume ψ is normalized

so that
∫

Ω
ψ(θ)dSθ = 1.
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We prove: If 1 < p < 1 + 2/(2 + λ), there are no non-trivial global

solutions of (4.1)-(4.3). If p > 1 + 2/(2 + λ), nontrivial global solutions of

(4.1)-(4.3) do exist.

Definition 4.1.1 (Quasiregularity) A solution of (4.1)-(4.3) is called

quasiregular in QT := D × (0, T ) if

(i) u ∈ C2(QT )
⋂

C0(Q̄T −D × {T});

(ii) ∀k > 0,

lim
r→∞ e

−kr
∫

Ω
|u(r, θ, t)|dSθ = 0 and lim

r→∞ e
−kr

∫

Ω
|ur(r, θ, t)|dSθ = 0.

4.2 Nonexistence of Global Solutions in Sectorial Domains:

To prove the nonexistence of global solutions of the equation (4.1)-(4.3),

we need the following lemmas. [3]

Lemma 4.2.1 Let m, k, λ, ω be real constants with k2 + λ > 0. Let ϕ(r) =

rme−kr. If one of the conditions

(A) (k2 + λ)(m2 + (N − 2)m− ω) ≥ (m+
1

2
(N − 1)2)k2

or

(B) (i) (k2 + λ)(m2 + (N − 2)m− ω) < (m+
1

2
(N − 1)2)k2,

(ii) (m2 + (N − 2)m− ω) > 0,

(iii) k(m+
1

2
(N − 1)) < 0

holds, then

rN−1
d

dr
(rN−1

dϕ(r)

dr
) ≥ ωr−2ϕ(r)− λϕ(r);
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that is,

∆ϕ(r) + λϕ(r) ≥ ωϕ(r)r−2

for all r > 0.

Proof.By a direct computation we find

d

dr
{rN−1ϕ(r)(m

r
− k)} = d

dr
{ϕ(r)(mrN−2 − krN−1)}

= ϕ(r)
{

(m2 +m(N − 2))rN−3 − (k(N − 1) + 2mk)rN−2 + k2rN−1
}

and

r−(N−1)
d

dr
{rN−1ϕ′(r)} = ϕ(r)

{

(m2+m(N−2))r−2−(k(N−1)+2mk)r−1+k2
}

which leads to

rN−1
d

dr
(rN−1

dϕ(r)

dr
)− ωr−2ϕ(r) + λϕ(r) = r−2ϕ(r)P (r)

where

P (r) = (λ+ k2)r2 − (2mk + k(N − 1))r + (m2 +m(N − 2)− ω).

Now we claim that P (r) > 0, ∀r > 0; A implies that discriminant of P (r)

is negative and since λ+ k2 > 0, thus P (r) has no real roots and P (r) > 0.

B(i) implies that discriminant of P (r) is positive, B(ii) implies that

r1.r2 > 0, B(iii) implies that r1+ r2 < 0. So we can conclude that r2 ≤ r1 < 0

and P (r) ≤ 0 on [r2, r1] i.e. P (r) > 0 on outside of (r2, r1), since λ + k2 > 0.

But r > 0, therefore P (r) > 0, ∀r > 0.

Therefore

rN−1
d

dr
(rN−1

dϕ(r)

dr
)− ωr−2ϕ(r) + λϕ(r) = r−2ϕ(r)P (r) > 0.
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Since

∆ϕ(r) = ϕrr(r) +
N − 1

r
ϕr(r)

= r−(N−1)
{

rN−1ϕrr(r) + (N − 1)rN−2ϕr(r)
}

= rN−1
d

dr
(rN−1

dϕ(r)

dr
),

we get

∆ϕ(r) + λϕ(r) ≥ ωϕr−2.

Lemma 4.2.2 Let G(t) be a nonnegative C1 function defined on [0, T ) which

satisfies

G′(t) ≥ Gp(t)− λG(t) for some λ ∈ R.

If

(A) G(0) > 0 and λ ≤ 0, then

T ≤ G1−p(0)/(p− 1),

while if

(B) λ > 0 and G(0) > λ1/(p−1) , then

T ≤
∫ ∞

G(0)
[σp − λσ]−1dσ

Proof.(A) Since G(t) is nonnegative, for some T > 0

G′(t) ≥ Gp(t)− λG(t) ≥ Gp(t),

∫ T

0
dt ≤

∫ T

0
G−pdG(t) and T ≤ G1−p(0)

p− 1
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(B). If λ > 0 and G(0) > λ1/(p−1) then,

1 ≤ G′(t)

Gp(t)− λG(t)
⇒

∫ T

0
dt ≤

∫ T

0

dG(T )

Gp(t)− λG(t)

⇒ T ≤
∫ G(T )

G(0)

dσ

σp − λσ
≤
∫ ∞

G(0)

dσ

σp − λσ

since σ ≥ G(0) > λ1/(p−1), 1
σp−λσ > 0.

Theorem 4.2.3 If

1 < p < 1 + 2/(N + γ+) = 1 + 2/(2− γ−)

then no almost regular solution of (4.1)-(4.3) with nontrivial, nonnegative ini-

tital data can exist for all time. [3], [10].

Proof.Let u(r, θ, t) be any quasiregular solution of (4.1)-(4.3) and define

ũ(r, t) :=
∫

Ω
ψ(θ)u(r, θ, t)dSθ and ũ0(r) = ũ(r, 0).

where ψ is normalized eigenfunction of the Laplace-Beltrami operator associ-

ated with ω1.

Note that N dimensional Laplace operator can be written in polar coor-

dinates as

∆ =
∂2

∂r2
+

(N − 1)

r

∂

∂r
+

1

r2
∆θ.

If we multiply (4.1) by ψ(θ) and integrate over Ω, we find

ũt(r, t) =
∫

Ω
ψ(θ)ut(r, θ, t)dSθ =

∫

Ω
ψ(θ)∆u(r, θ, t)dSθ +

∫

Ω
ψ(θ)up(r, θ, t)dSθ.

From Jensen’s inequality we know that

∫

Ω
ψ(θ)up(r, θ, t)dSθ ≥

{

∫

Ω ψ(θ)u(r, θ, t)dSθ
∫

Ω ψ(θ)dSθ

}p ∫

Ω
ψ(θ)dSθ = ũp(r, θ).
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Using Green’s identity and the fact that ψ(θ) = 0 and u(r, θ, t) = 0 on ∂Ω we

have

∫

Ω
ψ(θ)∆u(r, θ, t)dSθ

=
∫

Ω
ψ(θ)urr(r, θ, t)dSθ +

(N − 1)

r

∫

Ω
ψ(θ)ur(r, θ, t)dSθ

+
1

r2

∫

Ω
ψ(θ)∆θu(r, θ, t)dSθ

=
∂2

∂r2

∫

Ω
ψ(θ)u(r, θ, t)dSθ +

(N − 1)

r

∂

∂r

∫

Ω
ψ(θ)u(r, θ, t)dSθ

+
1

r2

∫

Ω
u(r, θ, t)∆θψ(θ)dSθ,

or

∫

Ω
ψ(θ)∆udSθ =

∂2

∂r2
ũ(r, t) +

(N − 1)

r

∂

∂r
ũ(r, t)− ω1

r2

∫

Ω
ψ(θ)u(r, θ, t)dSθ

= ∆ũ(r, t)− ω1
r2
ũ(r, t).

So we have obtained

ũt(r, t) = ∆ũ(r, t) + ω1ũ(r, t)/r
2 ≥ ũp(r, t). (4.4)

For m > −(N − 1) let us define

Φ0(r) = rme−kr/C

where

C =
∫ ∞

0
r(m+N−1)e−krdr = k−(m+N)Γ(m+N).

If we multiply both sides of 4.4 by Φ0(r)r
N−1 and integrate on [ε,R], we get

d

dt

∫ R

ε
ũ(r, t)Φ0(r)r

N−1dr −
∫ R

ε
∆ũ(r, t)Φ0(r)r

N−1dr
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+
ω1
r2

∫ R

ε
ũ(r, t)Φ0(r)r

N−1dr ≥
∫ R

ε
ũp(r, t)Φ0(r)r

N−1dr.

By simple computations we find

∫ R

ε
∆ũ(r, t)Φ0(r)r

N−1dr

=
∫ R

ε

{

ũ′′(r, t) +
(N − 1)

r
ũ′(r, t)

}

rN−1Φ0(r)dr

=
∫ R

ε

{

rN−1ũ′
}′
Φ0(r)dr

=
{

Φ0(r)ũ
′(r, t)− Φ′0(r)ũ(r, t)

}

rN−1 |Rε +
∫ R

ε
ũ(r, t)∆Φ0(r)r

N−1dr.

Therefore we deduce that

d

dt

∫ R

ε
ũ(r, t)Φ0(r)r

N−1dr −
∫ R

ε
ũ(r, t)

{

∆Φ0(r)−
ω1
r2

Φ0(r)
}

rN−1dr

+
{

Φ′0(r)ũ(r, t)− Φ0(r)ũr(r, t)
}

rN−1 |Rε ≥
∫ R

ε
ũp(r, t)Φ0(r)r

N−1dr.

Since u is quasiregular

lim
R→∞

e−kR
∫

Ω
|u(R, θ, t)|dSθ = 0 and lim

R→∞
e−kR

∫

Ω
|ur(R, θ, t)|dSθ = 0

for all k > 0. Then

lim
R→∞

RN−1
{

Φ′0(R)ũ(R, t)− Φ0(R)ũr(R, t)
}

= lim
R→∞

C−1Rm+N−1e−kR(
m

R
− k)

∫

Ω
ψ(θ)u(R, θ, t)dSθ

− lim
R→∞

C−1Rm+N−1e−kR
∫

Ω
ψ(θ)ur(R, θ, t)dSθ

converges to 0 as R→∞ for any m ∈ R

Let us assume that u andm are such that there exists a sequence {εn}∞n=1,

εn → 0 as n→∞ with the property

lim
n→∞ ε

N−1+m
n

{

mũ(εn, t)/εn − ũr(εn, t)
}

= 0.
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Now consider

rN−1
{

ũ(r, t)Φ′0(r)− ũr(r, t)Φ0(r)
}

|r=ε

= εN−1
{

ũ(ε, t)Φ′0(ε)− ũr(ε, t)Φ0(ε)
}

= Φ0(ε)ε
N−1

{

ũ(ε, t)(m/ε− k)− ũr(ε, t)
}

and substituting εn for ε we get

= Φ0(εn)ε
N−1
n

{

ũ(εn, t)(m/εn − k)− ũr(εn, t)
}

= C−1e−kεnεm+N−1n

{

ũ(εn, t)(m/εn − k)− ũr(εn, t)
}

− kεN−1n Φ0(εn)ũ(εn, t).

Thus

lim
ε→0

εN−1
{

Φ′0(ε)ũ(ε, t)− Φ0(ε)ũr(ε, t)
}

= 0.

So we deduce

d

dt

∫ ∞

0
ũ(r, t)Φ0(r)r

N−1dr −
∫ ∞

0
ũ(r, t)

{

∆Φ0(r)−
ω1
r2

Φ0(r)
}

rN−1dr

≥
∫ ∞

0
ũp(r, t)Φ0(r)r

N−1dr.

By use of Jensen’s inequality

d

dt

∫ ∞

0
ũ(r, t)Φ0(r)r

N−1dr −
∫ ∞

0
ũ(r, t)

{

∆Φ0(r)−
ω1
r2

Φ0(r)
}

rN−1dr

≥
{
∫ ∞

0
ũ(r, t)Φ0(r)r

N−1dr
}p

. (4.5)

Now let us define

G(t) :=
∫ ∞

0
ũ(r, t)Φ0(r)r

N−1dr (4.6)
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then (4.5) can be written as

G′(t) ≥ Gp(t) +
∫ ∞

0
ũ(r, t)

{

∆Φ0(r)−
ω1
r2

Φ0(r)
}

rN−1dr. (4.7)

Let λ > 0 (i.e. k2 + λ > 0 for all k). In the view of 1 < p < 1 +

2/(N + γ+), it is possible to find an m such that m ∈ (γ+, 2/(p− 1)−N) then

m2 +m(N − 2)− ω1 > 0. From Lemma 4.2.1, putting ω = ω1 > 0, we get

∆φ(r) + λφ(r) ≥ ω1
r2
φ(r)

where φ(r) = rme−kr. If we multiply both sides by C−1 = k(m+N)Γ−1(m+N),

then we get

∆Φ0(r)−
ω1
r2

Φ0(r) ≥ −λΦ0(r).

Hence from (4.7), we have

G′(t) ≥ Gp(t)− λG(t), (4.8)

and from (4.6)

G(0) =
∫ ∞

0
ũ0(r)Φ0(r)r

N−1dr

= C−1
∫ ∞

0
rm+N−1ũ0(r)dr

=
{

k−(m+N)Γ(m+N)
}−1 ∫ ∞

0
rm+N−1ũ0(r)dr. (4.9)

Since we have chosen m ∈ (γ+, 2/(p − 1) −N), we can find a β := λ/k2 such

that

β ≥ m+ ω1 + (N − 2)2/4

m2 +m(N − 2)− ω
.

Since m + N < 2/(p − 1) and we can therefore find a k sufficiently small

satisfying

k−[2/(p−1)−m−N ]
∫ ∞

0
rm+N−1ũ0(r)dr > Γ(m+N)β1/(p−1). (4.10)
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From (4.9) and (4.10) we get

G(0) > λ1/(p−1). (4.11)

So we can apply Lemma 4.2.2(B) to get

T ≤
∫ ∞

G(0)

dσ

σp − λσ
<∞.

This completes the proof of theorem.

4.3 Existence of Global Solutions in Sectorial Domains

For the existence of the global solutions of the equation (4.1)-(4.3), we

have following theorem of Levine and Meier [10].

Theorem 4.3.1 If p > 1 + 2/(N + γ+), nontrivial global solutions of (4.1)-

(4.3) exist. [10]

Proof.The proof proceeds by the method of supersolutions. Let ū(x, t) =

β(t)w(x, t) be the supersolution of (4.1) -(4.3) with w(x, t) is the positive

solution of ut = ∆u in QT . Then

∂

∂t
ū(x, t) ≥ ∆ū(x, t) + ūp(x, t),

β′(t)w(x, t) + β(t)
∂

∂t
w(x, t) ≥ β(t)∆w(x, t) + βp(t)wp(x, t),

β′(t)w(x, t) ≥ βp(t)wp(x, t),

β′(t) ≥ βp(t)wp−1(x, t).

Then ū is a supersolution of (4.1)-(4.3) if

β′(t) = βp(t) ‖ w(x, t) ‖p−1∞ , 0 < t < T. (4.12)
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The solution of (4.12) with β(0) = β0 > 0 will be global if

W∞ :=
∫ ∞

0
‖ w(x, t) ‖p−1∞ dt <∞ (4.13)

and if

0 < β0 < {(p− 1)W∞}−1/(p−1).

Let

WT :=
∫ T

0
‖ w(x, t) ‖p−1∞ dt =

∫ T

0

dβ(t)

βp(t)
,

then

WT =
β1−p(T )− β1−p0

1− p
,

or

0 < β(T ) =
1

(β1−p0 − (p− 1)WT )p−1
.

So β(t) exits globally if β0 − (p− 1)W∞ > 0 that is

0 < β0 < {(p− 1)W∞}−1/(p−1).

Thus it remains to construct w(x, t) such that W∞ < ∞. To do this, we let

r = |x| and let t0 > 0 be fixed. We define

ν := γ+ +
1

2
(N − 2) =

{

ω1 + (
1

2
(N − 2))2

}1/2

.

It is easy to show that

w(r, θ, t) = (t+ t0)
−1r

1
2
(N−2)Iν(r/2(t+ t0))e

− r2+1
4(t+t0)ψ(θ)

where Iν denotes the Bessel’s function of order ν [17].
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Since ψ(θ) is bounded in Ω̄, in order to show that (4.13) for p > 1 +

2/(N + γ+), it suffices to show that

lim sup
t→∞

(t+ t0)
1
2
(N+γ+){sup

r>0
W (r, t)} <∞

where

W (r, t) := (t+ t0)
−1r

1
2
(N−2)Iν(

r

2(t+ t0)
)e−(r

2+1)/4(t+t0).

Since

lim sup
t→∞

(t+ t0)
1
2
(N+γ+)

{

sup
r>0

W (r, t)
}

= C <∞,

we have

lim sup
t→∞

(t+ t0)
1
2
(N+γ+)(p−1)

{

sup
r>0

W (r, t)
}(p−1)

= C(p−1)

or

lim sup
t→∞

{

supr>0W (r, t)
}(p−1)

(t+ t0)
− 1

2
(N+γ+)(p−1)

= C(p−1)

so
∫ ∞

0

{

sup
r>0

W (r, t)
}p−1

dt is convergent because

∫ ∞

0

dt

(t+ t0)
1
2
(N+γ+)(p−1)

<∞

for 1
2
(N + γ+)(p− 1) > 1. This implies that

W∞ =
∫ ∞

0
‖ w(x, t) ‖p−1∞ dt

=
∫ ∞

0

{

sup
r>0

W (r, t)ψ(θ)
}p−1

dt

= ψ(θ)
∫ ∞

0

{

sup
r>0

W (r, t)
}p−1

dt

is also convergent. So we get (4.13).

63



Now in order to verify (4.13), we will show that

lim sup
t→∞

(t+ t0)
1
2
(N+γ+)

{

sup
r>0

W (r, t)
}

<∞.

First of all W (r, t) vanishes at r = 0, ∞ because of the

Iν(z) ≈






2−ν/Γ(ν + 1).zν , as z → 0+

(2πz)−1/2ez, as z → +∞.

Thus a value rm(t) of r may be found such that 0 < rm(t) <∞ and

W (rm(t), t) = sup
r>0

W (r, t).

Let

W(t) = (t+ t0)
1
2
(N+γ+)W (rm(t), t)

= (t+ t0)
1
2
(N+γ+)(t+ t0)

−1r
− 1

2
(N−2)

m (t)Iν(
rm(t)

2(t+ t0)
)e
− r2m(t)

4(t+t0)

= (t+ t0)
γ+
2 (

rm
t+ t0

)−
1
2
(N−2)Iν(

rm(t)

2(t+ t0)
)e
− r2m(t)

4(t+t0) .

Let

ym(t) =
1

2
rm(t)/(t+ t0).

Suppose on some sequence {tk}∞k=1, W(tk) → ∞ as tk → +∞. If, on some

subsequence, ym(tk)→ 0, then

W(tk) = (tk + t0)
γ+
2 (

rm
tk + t0

)−
1
2
(N−2)Iν(

rm(tk)

2(tk + t0)
)e
− r2m(tk)

4(tk+t0)

= C(tk + t0)
γ+
2 (2ym(tk))

− 1
2
(N−2) 2−ν

Γ(ν + 1)
yνm(tk)e

− 1
4(tk+t0)

e−y
2
m(tk)(tk+t0)

= C(tk + t0)
γ+
2 yγ+

m (tk)e
− 1

4(tk+t0) .e−y
2
m(tk)(tk+t0),
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since e
− 1

4(tk+t0) is bounded,

W(tk) = C
{

y2m(tk)(tk + t0)
}γ+/2

e−y
2
m(tk)(tk+t0) = Czγ+e−z

2

where z = ym(tk)(tk + t0)
1/2. Since zγ+e−z

2
is bounded on [0,∞), W(tk) 6→ ∞

on such a subsequence. If, on the other hand ym(tk) → ∞ on some subse-

quence.

W(tk) = (tk + t0)
γ+
2 (

rm
tk + t0

)−
1
2
(N−2)Iν(ym(tk))e

− r2m(tk)

4(tk+t0) ,

= C(tk + t0)
γ+
2 (2ym(tk))

− 1
2
(N−2)(2πym(tk))

− 1
2 eym(tk)e

− −1
4(tk+t0)

e−y
2
m(tk)(tk+t0)

= C{y2m(tk)(tk + t0)}
γ+
2 e

−(ym(tk)
√
tk+t0− 1

2
√
tk+t0

)2

,

= Czγ+e
−(z− 1

2
√
tk+t0

)2

where z = ym(tk)
√
tk + t0 and

zγ+e
−(z− 1

2
√
tk+t0

)2 → 0 as z →∞,

from which we again conclude that W(tk) 6→ ∞. So have proved that as

ym(tk) → 0, W(tk) 6→ ∞ and as ym(tk) → ∞, W(tk) 6→ ∞. Therefore, if

W → +∞, we must have constants A and B such that

0 < A ≤ ym(tk) ≤ B <∞.

However, in this case

W(tk) = (tk + t0)
γ+
2 (2ym(tk))

− 1
2
(N−2)Iν(ym(tk))e

− 1
4(tk+t0) e−y

2
m(tk)(tk+t0)

≤ C(tk + t0)
γ+
2 e−A

2(tk+t0) < C1 <∞.
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So we get

W(t) = (t+ t0)
1
2
(N+γ+)

{

sup
r>0

W (r, t)
}

6→ ∞ as t→∞.

Therefore we have

lim sup
t→∞

(t+ t0)
1
2
(N+γ+){sup

r>0
W (r, t)} <∞.

This establishes the theorem.

4.4 Nonexistence of Global Stationary Solutions

For nonexistence of global stationary solutions of the equation (4.1)-(4.3),

we have the following theorem of Bandle and Levine [3]

Theorem 4.4.1 If

1 < p < 1− 2

γ−

then, there are no positive stationary solution of (4.1)-(4.3), that is, there

exists no w > 0 such that

∆w + wp = 0 in D, w = 0 on ∂D. (4.14)

where D = {(r, θ) | r > 0, θ ∈ Ω} and Ω ⊂ SN−1 is the connected submanifold

of the unit sphere SN−1 in R
N .

Proof.Let u solve ∆u+up = 0 in D, u ∈ C0(D̄)∩C2(D′) for all D′ ⊂ D,D′

bounded, and let u = 0 on ∂D. Define

ũ(r) :=
∫

Ω
ψ(θ)u(r, θ)dSθ.
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where ψ is the normalized eigenfunction of the Dirichlet problem defined by

∆θψ + ω1ψ = 0 in Ω,

ψ = 0 on ∂Ω,

and
∫

Ω
ψ(θ)dSθ = 1

in which ω1 is the smallest Dirichlet eigenvalue of the Laplace-Beltrami oper-

ator.

We know that the Laplace operator in N dimensions can be written in

polar coordinates as ∆ = ∆r +
1
r2
∆θ where

∆r =
∂2

∂r2
+
N − 1

r

∂

∂r
.

Then

∆ũ(r) = ∆rũ(r)

=
∫

Ω
ψ(θ)∆ru(r, θ)dSθ =

∫

Ω
ψ(θ)

{

∆u(r, θ)− 1

r2
∆θu(r, θ)

}

dSθ

= −
∫

Ω
ψ(θ)up(r, θ)dSθ −

1

r2

∫

Ω
ψ(θ)∆θu(r, θ)dSθ. (4.15)

Using the Green’s identity for the second integral in (4.15) we get,

∫

Ω
ψ(θ)∆θu(r, θ)dSθ =

∫

Ω
u(r, θ)∆θψ(θ)dSθ −

∫

∂Ω

{

ψ(θ)
∂u(r, θ)

∂n

− u(r, θ)
∂ψ(θ)

∂n

}

dSθ.

So

∆ũ(r) =
ω1
r2

∫

Ω
u(r, θ)ψ(θ)dSθ −

∫

Ω
ψ(θ)up(r, θ)dSθ

=
ω1
r2
ũ(r)−

∫

Ω
ψ(θ)up(r, θ)dSθ.
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If we use the Jensen’s inequality, we obtain

∫

Ω
ψ(θ)up(r, θ)dSθ ≥

{

∫

Ω u(r, θ)ψ(θ)dSθ
∫

Ω ψ(θ)dSθ

}p ∫

Ω
ψ(θ)dSθ

=
{
∫

Ω
u(r, θ)ψ(θ)dSθ

}p

= ũp(r)

since up is the convex function of u for p > 1. Consequently,

∆ũ(r)− (
ω1
r2

)ũ(r) + ũp(r) ≤ 0. (4.16)

Now let λ be one of γ+, γ− and β = N − 1 + 2λ. Then (4.16) implies

that

(rβ(r−λũ(r))′)′ + rβ−λũp(r) ≤ 0.

Let l(r) = r−λũ(r), then

(rβl′(r))′ + rβ−λũp(r) ≤ 0. (4.17)

for 0 < ρ < r <∞. Integrating twice the inequality (4.17) we find

rβl′(r)− ρβl′(ρ) +
∫ r

ρ
sβ−λũp(s)ds ≤ 0 (4.18)

or

l(r1)− l(r2) +
∫ r1

r2
ξ−βdξ

∫ ξ

ρ
sβ−λũp(s)ds ≤ r1−β1 − r1−β2

1− β
ρβl′(ρ).

To complete the proof of the theorem we will need several Lemmas.

Lemma 4.4.2 Let λ = γ+. Then

lim
ρ→0

ρβl′(ρ) = 0.
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Proof.The function h(r, θ) = rλψ(θ) is harmonic. Since

∆h(r, θ) =
∂2

∂r2
h(r, θ) +

(N − 1)

r

∂

∂r
h(r, θ) +

1

r2
∆θh(r, θ)

= λ(λ− 1)rλ−2ψ(θ) + λ(N − 1)rλ−2ψ(θ)− ω1r
λ−2ψ(θ)

= rλ−2ψ(θ)(λ(λ+N − 2)− ω1)

= r−2h(r, θ)(γ+(γ+ +N − 2)− ω1)

= r−2h(r, θ)(ω1 − ω1)

= 0.

Therefore, if we set

Dε = {(r, θ) | ε < r < 1, θ ∈ Ω}

and since up +∆u = 0, we find

0 =
∫

Dε

h{up +∆u}dx =
∫

Dε

h∆udx+
∫

Dε

hupdx. (4.19)

Using the Green’s identity for the first integral, we get

∫

Dε

h∆udx =
∫

Dε

u∆hdx+
∮

∂Dε

{

h
∂u

∂n
− u

∂h

∂n

}

ds.

Since ∆h = 0, (4.19) gives

0 =
∮

∂Dε

{

h
∂u

∂n
− u

∂h

∂n

}

ds+
∫

Dε

hupdx. (4.20)

Let Γa = ∂Dε ∩ {r = a}. Then
∮

∂Dε

{

h
∂u

∂n
− u

∂h

∂n

}

ds =
∮

Γ1

{

h
∂u

∂n
− u

∂h

∂n

}

ds+
∮

Γε

{

h
∂u

∂n
− u

∂h

∂n

}

ds

on Γ1; n = r
|r| = r, since |r| = 1. But

∮

Γ1

{

h
∂u

∂n
− u

∂h

∂n

}

ds =
∮

Γ1

{

h
∂u

∂r
− u

∂h

∂r

}

ds = C (4.21)
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where C is a constant and Γε; n = − r
|r| = −r

∮

Γε

{

h
∂u

∂n
− u

∂h

∂n

}

ds =
∫

Γε

{

rλψ(θ)
∂u(r, θ)

∂n
− λu(r, θ)ψ(θ)rλ−1

∂r

∂n

}

ds

= −
∫

Ω

{

ελψ(θ)uε(ε, θ)− λελ−1u(ε, θ)ψ(θ)
}

εN−1dSθ

= −ελ+N−1 ∂
∂ε

{
∫

Ω
ψ(θ)u(ε, θ)dSθ

}

+ λελ+N−2
∫

Ω
ψ(θ)u(ε, θ)dSθ

= −ελ+N−1ũ′(ε) + λελ+N−2ũ(ε)

= −ελ+N−1(ũ′(ε)− λũ(ε)/ε). (4.22)

Substituting (4.21) and (4.22) in (4.20) we find

ελ+N−1
{

ũ′(ε)− λũ(ε)/ε
}

=
∫

Dε

hupdx+ C.

Since ũ(r) = rλl(r) we have

ελ+N−1{ũ′(ε)− λũ(ε)/ε} = ελ+N−1
{

λελ−1l(ε) + ελl′(ε)− λελ−1l(ε)
}

,

= ε2λ+N−1l′(ε),

= εβl′(ε),

so

εβl′(ε) =
∫

Dε

hupdx+ C.

Since C is independent of ε and the integral is a decreasing function of ε,

limε→0 ε
βl′(ε) exits. Suppose this limit is κ 6= 0. Then for all δ ∈ (0, |κ|), there

is ρ0 such that

|ρβl′(ρ)− κ| ≤ δ

that is

κ− δ

ρβ
≤ l′(ρ) ≤ κ+ δ

ρβ
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if ρ ≤ ρ0. Integrating this over [ε, ρ0], we find

(κ− ρ)
∫ ρ0

ε
ρ−βdρ ≤

∫ ρ0

ε
l′(ρ)dρ ≤ (κ+ ρ)

∫ ρ0

ε
ρ−βdρ

⇒ κ− δ

β − 1
[ε1−β − ρ1−β0 ] ≤ l(ρ0)− l(ε) ≤ κ+ δ

β − 1
[ε1−β − ρ1−β0 ].

For λ = 1
2
(β −N + 1),

lim
r→0

rλl(r) = lim
r→0

ũ(r) = ũ(0) = 0.

If we multiply the last inequality through by ελ, we get

κ− δ

β − 1
[ε2−N−λ − ελρ1−β0 ] ≤ ελl(ρ0)− ελl(ε) ≤ κ+ δ

β − 1
[ε2−N−λ − ελρ1−β0 ].

Since 2−N − λ = 2−N − γ+ < 2−N ≤ 2− 2 = 0, we have contradiction

if ε→ 0+ unless κ = 0.

Now if we take limit of (4.18) as ρ→ 0 we get

rβl′(r) +
∫ r

0
sN+λ−1ũp(s)ds ≤ 0. (4.23)

Lemma 4.4.3 Let λ = γ+. Then l(r) decreasing and

lim
r→∞ l(r) = 0.

Proof.From (4.23) it is trivial that l(r) is decreasing. Let l0 = limr→∞ l(r)

and assume l0 6= 0. Then integrating (4.23) with reepect to r, we have

∫ r

ρ
l′(ξ)dξ +

∫ r

ρ
ξ−βdξ

∫ ξ

0
sN+λ−1ũp(s)ds ≤ 0

l(r)− l(ρ) +
∫ r

ρ
ξ−βdξ

∫ ξ

0
sN−1+λ(p+1)lp(s)ds ≤ 0. (4.24)
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Taking limit of the inequality (4.24) as r →∞, we get

∫ ∞

ρ
ξ−βdξ

∫ ξ

0
sN−1+λ(p+1)lp(s)ds ≤ l(ρ)− lim

r→∞ l(r) = l(ρ)− l0.

or
∫ ∞

ρ
ξ−βdξ

∫ ξ

0
sN−1+λ(p+1)lp(s)ds <∞. (4.25)

Now we claim that l0 = 0. (4.25) implies that

lp0

∫ ∞

ρ
ξ−βdξ

∫ ξ

0
sN−1+λ(p+1)ds <∞

(N + λ(p+ 1))−1lp0

∫ ∞

ρ
ξN+λ(p+1)−βdξ <∞

(N + λ(p+ 1))−1lp0

∫ ∞

ρ
ξ1+λ(p−1)dξ <∞, (4.26)

since (N + λ(p + 1))−1 > 0 and 1 + λ(p− 1) > 0. (4.26) gives the result that

l0 = 0.

Lemma 4.4.4 Let λ = γ+. Then

lim
r→∞ r

(2+(p−1)λ))/pl(r) = 0.

Proof.From (4.24) we have

∫ 2r

r
ξ−βdξ

∫ ξ

0
sN−1+λ(p+1)lp(s)ds ≤ l(r)− l(2r)

which yields

lim
r→∞

∫ 2r

r
ξ−βdξ

∫ ξ

0
sN−1+λ(p+1)lp(s)ds = 0.

On the other hand by monotonicity of l

lp(2r)
∫ 2r

r
ξ−βdξ

∫ ξ

0
sN−1+λ(p+1)ds ≤

∫ 2r

r
ξ−βdξ

∫ ξ

0
sN−1+λ(p+1)lp(s)ds.
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Thus

lim
r→∞ l

p(2r)
∫ 2r

r

ξ1+λ(p−1)

1 + λ(p− 1)
dξ

=
1

{1 + λ(p− 1)}{2 + λ(p− 1)} lim
r→∞ l

p(2r)(2r)2+λ(p−1){1− (
1

2
)2+λ(p−1)}.

So

lim
r→∞ l

p(2r)r2+λ(p−1) = 0

which completes the proof of the Lemma. The above result also yields

Corollary 4.4.5 Let λ = γ+. Then

lim
r→∞ r

νl(r) = 0

for all ν < (2− (p− 1)λ)/(p− 1).

Proof.Let a = 2 + (p− 1)λ. Take ρ = r/2 in (4.24). Then

l(r/2)− l(r) ≥
∫ r

r/2
ξ−βdξ

∫ ξ

0
sN−1+λ(p+1)lp(s)ds,

≥ lp(r)
∫ r

r/2
ξ−βdξ

∫ ξ

0
sN−1+λ(p+1)ds,

= (N + (p+ 1)λ)−1lp(r)
∫ r

r/2
ξa−1dξ,

≥ (N + (p+ 1)λ)−1(1− 1

2a
)lp(r)ra.

So

C lim
r→∞ l

p(r)ra ≤ lim
r→∞{l(r/2)− l(r)} = 0 which gives lim

r→∞ l
p(r)ra = 0.

Since

ra/p+alp(r) = Cra/p(l(r/2)− l(r))

≤ Cra/pl(r/2)

= C2a/p(r/2)a/pl(r/2),
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from Lemma 4.4.4 we get

lim
r→∞(r/2)

a/pl(r/2) = 0.

Therefore we see that

lim
r→∞ r

a
p
+alp(r) = 0 implies lim

r→∞ r
a
p2
+a

p l(r) = 0.

Repeating this argument yields

lim
r→∞ r

a( 1
p
+ 1
p2
+...)

l(r) = lim
r→∞ r

a
p−1 l(r) = 0

since ν < 2+(p−1)λ
p−1 = a

p−1 . This implies that

lim
r→∞ r

νl(r) = 0, ∀ν < 2 + (p− 1)λ

p− 1
.

Lemma 4.4.6 Let λ = γ+. There exits c > 0 such that

l(r)rN−2+2λ ≥ c if r ≥ 1.

Proof.From (4.23), we find

rβl′(r) +
∫ 1

0
sN−1+λũp(s)ds = rβl′(r) + c0

where c0 =
∫ 1
0 s

N−1+λũp(s)ds. So for 1 ≤ ρ ≤ r we get

l′(r) + c0r
−β ≥

∫ r

ρ
l′(s)ds+ c0

∫ r

ρ
s−βds

= l(r)− l(ρ) + c0

{

r1−β − ρ1−β

1− β

}

.
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Letting r →∞, we have

l(ρ) ≥ c0
β − 1

ρ1−β, (ρ ≥ 1)

or

ρβ−1l(ρ) ≥ C, (ρ ≥ 1).

Substituting β = N − 1 + 2λ and ρ = r we get,

rN−2+2λl(r) ≥ C. (r ≥ 1)

To complete the proof of the theorem, we will use Corollary 4.4.5 and

Lemma 4.4.6 with λ = γ+:

(2− λ+ pλ)

p− 1
≤ N − 2 + 2λ

or

p ≥ 1 +
2

N − 2 + λ
= 1 +

2

N − 2 + γ+
= 1− 2

γ−

since γ+ + γ− = 2−N . Thus if

1 < p < 1− 2

γ−
,

we have shown that no positive stationary solution exits.

Theorem 4.4.7 [3] If a stationary solution exits then ũ(r)rv → 0 as r → 0

for all v < 2/(p− 1).

Proof.If a stationary solution exits then

p ≥ 1− 2

γ−
that is 0 <

2

p− 1
≤ −γ−.
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This implies that

0 ≤ |ũ(r)rv| ≤ ũ(r)r
2

p−1 ≤ ũ(r)r−γ− → 0 as r → 0,

since limr→0 ũ(r) = ũ(0) = 0 and limr→0 r
−γ− = 0. Therefore we get,

lim
r→0

ũ(r)rv = 0, ∀v < 2/(p− 1).

4.5 Initial Boundary Value Problem on A Bounded Domain:

Let us consider existence and nonexistence of global solutions of the

problem

ut = ∆u+ h(t)up, in DT := D × (0, T ] (4.27)

u(x, 0) = u0(x) ≥ 0, in D (4.28)

u(x, t) = 0 on ∂D × (0, T ] (4.29)

where D is a bounded domain in R
N with sectionaly smooth boundary. u0 is

bounded and p > 1. The function h(t) has the properties

(h1) h ∈ C[0,∞), h ≥ 0;

(h2) α0e
βt ≤ h(t) ≤ α1e

βt for sufficiently large t,

where α0, α1 > 0 and β > 0 are constants. Now let w be the solution of the

equation

ut = ∆u in DT (4.30)

u(x, 0) = u0(x) in D (4.31)

u(x, t) = 0 on ∂D × (0, T ]. (4.32)

Then we have the following result of Meier [12].
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Theorem 4.5.1 Assume h(t) has the property (h1) but not necessarily (h2).

(i) If there is a solution w 6≡ 0 of (4.30) -(4.32) such that

∫ ∞

0
h(t) ‖ w(., t) ‖p−1 dt <∞,

then there are global positive solutions u of (4.27)- (4.29) with

lim
t→∞

‖ u(., t) ‖= 0

(ii) If

lim sup
t→∞

‖ w(., t) ‖p−1
∫ t

0
h(s)ds =∞

for all solutions w 6≡ 0 of (4.30)-(4.32), then every nontrivial solution of

(4.27)-(4.29) blows up in finite time.

Proof.(i) Let a(t) be the solution of

a′(t) = h(t) ‖ w(., t) ‖p−1 ap(t), a(0) = a0 > 0.

Then ū(x, t) := a(t)w(x, t) is a supersolution of for (4.27)-(4.29) with ū(x, 0) =

a0w(x, 0) = u0(x);

ūt −∆ū− h(t)ū

= a′(t)w(x, t) + a(t)wt(x, t)−∆a(t)w(x, t)− h(t)ap(t)wp(x, t),

= h(t) ‖ w(., t) ‖p−1 ap(t)w(x, t) + a(t)∆w(x, t)− a(t)∆w(x, t)

− h(t)ap(t)wp(x, t),

= h(t)ap(t)w(x, t)
{

‖ w(., t) ‖p−1 −wp−1(x, t)
}

≥ 0.

We may assume that limt→∞ ‖ w(., t) ‖= 0 holds, since in every domain D

there are solutions of (4.30) -(4.32) with that property. Thus it is enough to
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show that choice of a0 ensures that a(t) exists all over R
+
0 and is uniformly

bounded there. Now let us find a(t); since a′(t) = h(t) ‖ w(., t) ‖p−1 ap(t),

a′(t)

ap(t)
= h(t) ‖ w(x, t) ‖p−1

∫ t

0
a−p(s)da(s) =

∫ t

0
h(s) ‖ w(., s) ‖p−1 ds

∫ a(t)

a0

σ−pdσ =
∫ t

0
h(s) ‖ w(., s) ‖p−1 ds

and

a(t) =
{

a
−(p−1)
0 − (p− 1)

∫ t

0
h(s) ‖ w(., s) ‖p−1 ds

}−1/(p−1)
.

This means that we can choose a0 so that a(t) exists over all R
+
0 . Since we

have
∫ ∞

0
h(s) ‖ w(., s) ‖p−1 ds =M <∞,

lim
t→∞

‖ u(., t) ‖ ≤ lim
t→∞

‖ ū(., t) ‖

= lim
t→∞

a(t) ‖ w(., t) ‖

= {a−(p−1)0 − (p− 1)M}−1/(p−1) lim
t→∞

‖ w(., t) ‖

= 0,

therefore

lim
t→∞

‖ u(., t) ‖= 0.

(ii) Define z(v;w) to be the solution of

dz

dv
= zp, z(0;w) = w. (4.33)

For arbitrary initial conditions let w be the solution of (4.30)-(4.32) and v :=

∫ t
0 h(s)ds. Then u(x, t) := z(v(t);w(x, t)) is a subsolution for (4.27) -(4.29)
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that blows up in finite time; for the proof of this let us look at

ut −∆u− h(t)up =
dz

dv

dv

dt
+
dz

dw

dw

dt
−∆z − h(t)zp

= zph(t) +
dz

dw
∆w −∆z − h(t)zp

= zw∆w −∆z

= zw∆w − zww
N
∑

i=1

|wxi |2 − zw∆w

= −zww|∇w|2 ≤ 0.

So we have u(x, t) = z(v(t), w(x, t)) is the subsolution of (4.27)-(4.29) that is

u(x, t) ≤ u(x, t).

If we solve the differential equation (4.33), we get

z(x, t) = {w1−p(x, t)− (p− 1)v(t)}1/(1−p).

So z(v, w) blows up if and only if w1−p(x, T ) = (p− 1)v(T ) for some T < ∞.

This implies that

‖ w(., T ) ‖p−1
∫ T

0
h(s)ds =

1

p− 1
. (4.34)

(4.34) is possible because

lim sup
t→∞

‖ w(., t) ‖p−1
∫ t

0
h(s)ds =∞.

Example: Let us consider the differential equation

ut = ∆u+ ceβtup, in DT := D × (0, T ] (4.35)

u(x, 0) = u0(x) ≥ 0, in D (4.36)

u(x, t) = 0 on ∂D × (0, T ]. (4.37)
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clearly the function ceβt satisfies the conditions (h1) and (h2) for sufficiently

large t and for β > 0. Then we have the following theorem [12].

Theorem 4.5.2 Assume D is bounded subset of R
N and h(t) has the proper-

ties (h1) and (h2). Then

(a) If p > p∗β, then there is a global solution u 6≡ 0 of (4.35)-(4.37), whose

supremum norm ‖ u(., t) ‖ is finite for any t ≥ 0.

(b) If 1 < p < p∗β, then any nontrivial solution of (4.35)-(4.37) blows up

in finite time, i.e. there exits T∞ <∞ such that limt→T∞ ‖ u(., t) ‖=∞

hold for p∗β = 1+ β/λ1, where λ1 is the first Dirichlet eigenvalue of the Lapla-

cian in D.

Proof.If φ(x) is a positive eigenfunction corresponding to the first eigenvalue

λ1 of the Laplacian.

Then w(x, t) := e−λ1tφ1(x) satisfies

wt(x, t)−∆w(x, t) = −λ1e−λ1tφ1(x)− eλ1t∆φ1(x) = 0.

Therefore (a) follows from Theorem 4.5.1(i).

Now let us prove (b). For this it is enough to show that L∞ = ∞ for

1 < p < p∗β (i.e. β − λ1(p− 1) > 0) where

L∞ = lim sup
t→∞

‖ w(x, t) ‖p−1
∫ t

0
ceβtdt.

So

L∞ = cβ−1 lim sup
t→∞

{sup
x∈D

φ1(x)}p−1e−λ1(p−1)t(eβt − 1)

= cβ−1{sup
x∈D

φ1(x)}p−1 lim sup
t→∞

{

e[β−λ1(p−1)]t − e−λ1(p−1)t
}

.
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We can say that ε = β− λ1(p− 1) for some ε > 0 and being the first Dirichlet

eigenvalue, λ1 is a positive number i. e. λ1(p− 1) > 0. So we get

L∞ = cβ−1{sup
x∈D

φ1(x)}p−1 lim sup
t→∞

{

eεt − e−λ1(p−1)t
}

=∞.

Therefore (b) follows from Theorem 4.5.1(ii).
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