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Supervisor: Prof. Dr. Okay Celebi

January 1999, 82 pages.

In this thesis, we shall give a survey of the initial and initial-boundary
value problems for nonlinear parabolic differential equations. For the initial
value problem we shall consider various extentions of an old result by H. Fujita

for the initial value problem of the nonlinear heat equation
uy = Au + uP reRY, p>1

with nonnegative initial values. The main results for the initial-boundary value
problems, mentioned are due to C. Bandle and H. A. Levine. We will discuss

the problems in different geometries.
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IKINCI DERECEDEN DOGRUSAL OLMAYAN PARABOLIK
DENKLEMLERIN COZUMLERININ PATLAMASI

OZBEKLER, Abdullah
Yiiksek Lisans, Matematik Bolimii

Tez Yoneticisi: Prof. Dr. A. Okay CELEBI

Ocak 1999, 82 sayfa.

Bu tezde, dogrusal olmayan parabolik diferensiyel denklemler i¢in baglan-
gic ve sinir deger ile baglangi¢ deger problemlerinin bir aragtirmasini verecegiz.

Baslangic¢ deger problemi i¢in, H. Fujita’nin dogrusal olmayan
uy = Au + uP, reRY p>1

181 denklemi i¢in negatif olmayan baslangic degerli problemle ilgili sonuglarinin
gesitli genigletmelerini calisacagiz. Burada baglangic ve sinir deger problem-
leri i¢in bahsetmek istedigimiz baglica sonuclar, C. Bandle ve H. A. Levin’in

sonuclaridir. Problemleri farkli geometrilerde tartigacagiz.

Anahtar Sozciikler: Dogrusal olmayan 1s1 denklemi, Patlama, Kritik kuvvet,
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CHAPTER 1

INTRODUCTION

This thesis is a survey on the recent literature on the role of the size of
nonlinearity for the occurance of blow up. As an example of the type of results
we may mention the clasical result of Fujita [4]: He considered the initial value

problem
u = Au+uP, reRY, t>0 p>1 (1.1)
u(z,0) = a(x), reRY (1.2)

where A denotes the N-dimensional Laplace operator) and interested in non-
negative solutions which, for fixed ¢, decay at infinity. He proved the following
result where the critical exponent pc(N) := 14 2/N,

A.If 1 < p < pe(N), then the only nonnegative global (in time) solution
of (1.1)-(1.2) is u = 0.

B. If p > pc(N), then there exist global positive solutions of (1.1)-(1.2)
for sufficiently small initial values.

Several comments about this result are in order. First, when the solution
fails to exist globally, it actually does blow up pointwise. This was proven by
Bandle and Levine [3].

Levine, Lieberman and Meier [9] considered the problem (Generalized

Mean Curvature):
w = Pu+tuP (z,t) € RY x (0,7T) (1.3)

u(z,0) = wup(x) reRY (1.4)



where

du = div{y[(1 + |Vu[?)?]Vu}

with

(i) v € CM([1,00));  ¥(1) =1 >0,

(i) 0 < W/(s) + ¥(s) < (1 +6)(s) (6> 0),

(iii) ¥(s) <vm, Py <oo.
They have obtained the interesting result that the critical exponent for the
problem (1.3)-(1.4) is pc(N), i.e.;

A.If 1 < p < pc(N), then there are no nontrivial positive solutions of
(1.3)-(1.4) .

B. If p > pc(N), then there exist both positive global solutions of (1.3)-
(1.4) and solutions of (1.3) -(1.4) which blow up in finite time, but no claim is
made when p = pc(N).

Instead of (1.1)-(1.2) , the following initial boundary value problem was
considered in [3], [10]:

u = Au+uP, (x,t) € D x (0,7T) (1.5)
u(z,0) = wup(z), xeD (1.6)
u(z,t) = 0, (x,t) € 0D x [0,T) (1.7)

where

D={(r0)r>00cQc SV}

The next result shows that the critical exponent for cones:




where ~_ is the root of the quadratic
(N —=2+42x)=w

(Here wy denotes the first eigenvalue of the Dirichlet problem for the Laplace-
Beltrami operator on ). Bandle and Levine [3] proved that if 1 < p < pe(D),
then (1.5)-(1.7) has no nontrivial, global, positive solutions. Later Levine and
Meier [10] showed that pe(D) is indeed the critical exponent, in other words if
p > pc(D) then global, positive, small data solutions do exist.

Bandle and Levine [3] showed also that if 1 < p <1 —2/y_, then there
are no stationary solutions of (1.5)-(1.7) , that is, there exits no w(r,0) > 0

such that
Aw+w’=0 in D, w(r,d) =0 on 0D

where D is the cone in RY with vertex at origin.
Meier [12] considered for positive constants ¢, b, the following initial

boundary value problem:

w, = Au+ ce’uP, reD, t>0 (1.8)
u(z,t) = 0, redD, t>0 (1.9)
u(z,0) = wup(z) >0 r€D (1.10)

where D is a bounded domain in RY with sectionaly smooth boundary, ug is
bounded and p > 1. He proved that:
A.If 1 < p < 1+0b/A\, then (1.8)-(1.10) has no nontrivial, positive,

global solutions.



B. If p > 1+ b/, then (1.8)-(1.10) has both nontrivial, global small
data solutions and solutions which blow up in a finite time.

So the critical exponent for (1.8)-(1.10) is

b
pc(BD) =1+ —.
A

Here A, is the first eigenvalue of the Dirihlet problem for the Laplace operator
in D
In1994, Bandle and Levine [3] studied the global existence of nonnegative

solutions of the Cauchy problem

w—Au = o+ (b,Vu), (x,t) €D x(0,T) (1.11)

u(z,0) = wug(x) >0, reD (1.12)

where D is either RN or a cone in RN, b = b(z,u) and p > 1. Their aim
was to extend H. Fujita’s result which corresponds to the case b=0. If, in
particular b = b(z), divb = 0 and |z]|b(z)| is bounded, the Fujita-like theorem
is recovered as in [4],[11]. If the domain D is a shift-invariant cone then they
proved a result similar to the one given for (1.5)-(1.7) in [3]. Finally they
showed that Kaplan’s convexity method is applicable to nonlinear convection
of the type (b(u), Vu) = divB(u), D = RY. Under suitable growth conditions
imposed on |B(u)|, they proved that all solutions of (1.11)-(1.12) must blow
up in finite time. This case was also studied by Aguare and Escobedo [1] in
1993.

In 1996, Galaktionov and Levine [5] considered nonnegtive solutions of

initial boundary value problems for parabolic equations u; = Uz, Uy = (U™ )4



and u; = (Jug|™ 'ug), (m > 1) for z > 0, t > 0 with nonlinear boundary
conditions —u, = uP, —(u™), = uP and —|uy|™" tu, = uP for x = 0, t > 0
where p > 0 respectively. The initial function was assumed to be bounded,
smooth and to have, in the latter two cases, compact support. They proved
that for each problem there exit positive critical values pg, p. (with py < pe)
such that for p € (0,p], all solutions are global while for p € (pg,p.| any
solution u # 0 blows up in a finite time and for p > p. small data solutions exit
globally in time while large data solutions are nonglobal. They obtained the
critical exponents p. = 2, p. = m+1 and p. = 2m, and py = 1, po = (m+1)/2
and py = 2m/(m + 1) respectively.

Recently, C. S. Jiang and C. H. Xie [7] considered the blow up problem

for the initial boundary value problem for quasilinear parabolic equation

' (w)ug —ou = h(x,t)F(u), reD, t>0 (1.13)
u(z,0) = wup(x), r€D (1.14)
u(z,t) = 0, redD, t>0. (1.15)

Here D C RY is a bounded or unbounded domain. With the help of Green’s
function, they obtained conditions for existence of global solutions and blow
up of local solution to problem (1.13)-(1.15).

Recently, Y. Qi [14] studied the Cauchy problem in R™ for general parabo-

lic equations which take the form
up = Au™ + t°|x|7uP (1.16)

with nonnegative initial value. Here s > 0, m > (n — 2)/n, p > max(1,m)

and 0 > —1ifn=1o0r o > —2if n > 2. He proved among other things, that
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for p < p., where p. = m+ s(m —1) 4+ (2+2s+ 0)/n > 1, every nontrivial
solution of (1.16) blows up in finite time. But for p > p. there exits a positive

global solution of (1.16).

In this thesis we will make use of the following definitions

Definition 1.0.1 A non-negative function u = u(t,z) is called a reqular so-
lution of (1.1)-(1.2) in [0,T], T being a positive number, if u, V,u, V.V, u
and u; all exist and are continuous in Qp = [0,T] x R™ and if (1.1)-(1.2)
is satisfied. A regular solution u of (1.1)-(1.2) in [0,00] is a function whose
restriction to [0,T] x R™ is a regular solution of (1.1)-(1.2) in [0,T] for any
T>0.

Definition 1.0.2 Let T' be a positive number. £ [0,T] is the set of all contin-

uous functions u = u(t, x) defined in [0,T] x R™ satisfying
u(t, )| < Mexp(|z]’)  (0<t<T,zeR™)

with some constants M and (3 subject to M > 0 and 0 < 8 < 2. M and f3
may depend on w. Furthermore, £[0,00) is the set of all u whose restriction

to [0,T] x R™ belongs to £]0, T for any T > 0.
We note that u'™ € £[0,T] if u € £[0,T] and u > 0.

Definition 1.0.3 If u is a regular solution of (1.1)-(1.2) in [0,T] and at the
same time u € E£[0,T], then u is called a reqular solution of (1.1)-(1.2) in
E[0,T). Here we may replace 10, T] by £]0,00). A regular solution u of (1.1)-
(1.2) in €[]0, 00) is also called a global solution of (1.1) -(1.2) in €0, c0).



Next we specify the class of initial values. We assume that the initial

value a = a(x) of (1.1)-(1.2) is taken from the class A described in

Definition 1.0.4 A is the set of all non-negative functions a = a(z) on R™

such that a,Vza and V.V a are all continuous and bounded there.

Definition 1.0.5 L£[0,00) is the set of all non-negative continuous functions

u = u(t,z) defined in [0,00) X R™ such that the inequality
0<u(t,r) < MH(t+~,x), (t >0,z € R™),

is satisfied for some constant M which may depend on u(t,x) and H(t,x) is

the Green’s function for the heat equation.

Definition 1.0.6 [13] (Upper Solution) @ is the upper solution (supersolution)
of (1.1) -(1.2) if

Uy

V
e
|
+
]
s

reRY, t>0 (1.17)

w(z,0) > a(x), r € RY. (1.18)

Definition 1.0.7 [13] (Lower Solution) w is the lover solution (subsolution)
of (1.1) -(1.2) if

IN
>
IS
+
<
V“B
8
m
~
.=
~
V
=)

wy (1.19)

u(z,0) < a(x), r € RY. (1.20)

Jensen’s Inequality, [6]: Suppose that o < f(z) < (3, where o and (3 may

be finite or infinite, and that f(x) is almost always different from « and f;



that p(x) is a weight function; and that ¢”(¢) is positive (i. e. convex function)

and finite for a« <t < (3. Then

J f@)p(x)dxN _ [ ¢(f(x))p(x)de
¢( Jp(z)dx )S Jp(x)dz

whenever the right-hand side exists and is finite; and there is equality only

when f(z) = C.



CHAPTER 2

BLOWING UP OF SOLUTIONS FOR A CAUCHY PROBLEM

2.1 Introduction

In this chapter we will discuss the properties of the solutions of the

problem:
uy = Au+u't® reR™ t>0 (2.1)
u(z,0) = a(z) r e R™ (2.2)
where a(x) € A. Let us describe the results in a rough way. If 0 < ma < 2,
then every non-negative solution of (2.1) -(2.2) blows up eventually except the
trivial slution v = 0. If 2 < ma, there are many non-negative initial values

a = a(z) which give global solutions. This appears somewhat remarkable in

asmuch as the inevitable blowing up occurs rather in the case of smaller a.. [4]

2.2 Global Nonexistence of Solutions

Now we are ready to prove our main results. As a preparation, we some

propositions. [4]

Proposition 2.2.1 Let u(z,t) be a reqular solution of (2.1) -(2.2) in E[0,T]
forT > 0. Then u(x,t) satisfies the integral equation u = ug+ou in0 <t < T,

where
w(et) = [ H(tx—yaly)dy

9



ou(z,t) = /Ot ds/m H(t —s,x —y)u'™ (s, y)dy.

Proof.Take p € C5°(R™) such that 0 < p <1 and

1 |z <1
ple) = { (2.3)

0 ,|z|>2
Define py(z) = p(z/N) (called truncating functions). We put vy(z,t) =
pn(x)u(x,t) (N =1,2,...). Then we have

0
% = Avy + pyu'™ — 2Vpn.Vu — Apyu

and vy (0,2) = py(x)u(z,0) = py(x)a(x).

(91/]\,

T PNUL

= pnv{Au+u'}

= Avy — Avy + pnAu + pyu' ™

= Avy — A(pyu) + pyAu + pyu'*®

= Avy — pnAu — 2Vpn.Vu — ulpy + pyAu + pyu™
= Avy + pyurt® — 2Vpn.Vu — Apyu.

If we multiply both sides, by H(t — s,z — y) and integrate over R™ and

on [0, ], we get

t
/ ds %(Sv y)H(t — 5T = y)dy
0 rm 0s

t
= / ds Ayvn(s,y)H(t — s,z — y)dy
0 R'm

10



+ /Ot ds/mH(t—s,x—y)pN(y)-UHa(Sa?/)dy
- 2/; ds/m H(t —s,2 —y)Vypn(y).-Vyuls, y)dy
_ /Ot ds/m H(t— s,z —y)Aypn(y)u(s, y)dy

t
= / ds Ayun(s,y)H(t — s,z —y)dy+ Vo —2V3 -V}
0 Rm

where

t

Voo = [ G- sx - v ()uls.n) Ty,
t

& :LAAWHa_&x_wVWMMVW@ﬂM%

Vi ZCK/mH@—&x—wAwmwM&w@-

If we apply Green’s identity, we get

vy
/ds o D5 (s,y)H(t — s,x — y)dy

/ds/ un(s,y)AyH(t — s,z —y)dy
81/N o0H
+ /OdS/aRm {H<t_3,x_y)an(S7y)+VN(S7y)%(t_svz_y)}ds

+ Vo —2V5 -V,
Since vy(s,y) =0 and H(t — s,z — y) = 0 on boundary R™, we have
¢
= / ds/ un(s,y)AyH(t — s,z —y)dy + Vo —2V5 =V}
0 m

t
= [ds [ unlsp)AH(E— 5.0~ y)dy + Vo~ 2V = Vi
0 R™
¢ 0
= [ds [ sy Hit = s.0—y)dy+ Vo =2V — Vi
0 M
t

= — ds/ VN(s,y)gH(t—s,x—y)dy—i-Vg—2V3—V4
0 Rm Os

11



then we have

t 0
Vim2Vo-Vi = [ds [ {Sun(spH(E-sa-y)
0OH
+ VN(&y)@(t—s,x—y)}dy

= [ {ma— oy [ ostsean- =i b

if we let § = 5% and dy = (4(t — 5))™2d¢ then we get

Vo2V ¥i = w [ s,z 4 ovE se)ean(~ el de s
= 7y (sx) [ eap(—[¢[)dg
= w2 [ (0,3 + 2V eap(Ig]?)d

= wn(s,2) =72 [ un(0,@+ 2VE)eap(— ¢ )

Substituting = + 2v/t¢ = y we have

2
Vom 2V~ Vi = wn(s,a) — (4mt) "2 [ o0, p)ean(- 2 ay

4t
= wy(s.2)— [ H{t.x = y)px(y)aly)dy

= VN(tax) - ‘/1

where
Vi = / H(t,x —y)pn(y)a(y)dy.
Rm

Consequently we get
vy(t,x) =Vi 4+ Vo — 2V — V. (2.4)

12



Now an easy calculation gives that

Vi — /Rm H(t,x —y)a(y)dy| = I/Rm H(t,x — y)pn(y)aly)dy
- /Rm H(t,x — y)a(y)dy|
< [ Hitx=y)lon(y) — La(y)dy
which yields
Vi — /RWH(t,x—y)a(y)dy as N — oo.

We know that u(t,x) € £[0,T]. So
't (t, )| < Mexp(j2]”),  (0<s<T,yeR™).

Thus we have

t

IA
=

U
»

=52 =)l (y) = (s, y)dy,

Valt,2) = gu(t.a)| < [ ds [ H(t=s.0—y)pn(y)u (s y)dy
- /t ds/ H(t —s,x —y)u'™(s,y)dy
0 R™
< /0 ds /Rm H(t — s, —y)lpn(y) — Lu""(s, y)dy,
= [las [ HE= s = plov() - 1 s )y
b flds [ H(=sw = ylow(y) — 1t (s p)dy
e,

\Y

Therefore

Vatt.) = (@))€ [ds [ A= sa =gt sy
< M/O dS/yI>NH(t—S,I—y)exp(ly!ﬂ)dy
= M/OtcpN(s)ds,

13



where
oxl(s)= [ H(t sz~ y)eap(y|’)dy.
ly|>N

For each z and ¢

0 < on(s)

IN

| H(t = 5,2 = eap(lyl)dy
C [ eap(—l¢feap(|z + 2vF = s¢|")d
C [ cap(=lgP)erp((lo] +2vlel))de

¢ [ eap(—le)exp(2t"?le)")ds

INIA

IN

where C” is a constant depending on |z|. Since the last integral is bounded,
©n(s) is bounded unifomly by a constant.
Now claim that ¢n(s) — 0 as N — oco. If we let y = z + 2/t — s then

we get

on(s) = [ H(t 52— y)eap(lyl’)dy

= O erp(-leP)erp(|e + 2vT = sE[")dg

gl>M

C' [ ean(—[¢P)eap(Colé|)de
lg1>M

IN

where M = év\/_%, Cy = 25t%/2 and C" is a constant depending on |z|. So we

get

on(s) = €[ eap(~[el +Colél)de
= I eop(=I&l + Colé g,
i=1"l

i>M

= oo T [T eap(—€2 + Coe?de,
z:1_[1/]\4 €$p( €z+ 05@)5

14



IA

i

T i
ok

= Mm—>0 as M — oo (i.e. N — 00).

Therefore we can apply the Lebesque convergence theorem [15], to find
t
Va(t, ) = (Gu)(t,2)| < M [ on(s)ds =0, (N — ).
0

We now claim V3 — 0 and V; — 0 is dealt with easily by means of |Apy(y)| <
CN~2. First let us with V.

Vil < [lds [ H(= s = y)luts,n)l1don ()ldy
< ON [Cds [ eap(—|¢eap((ja + 2vT =€) )d

< ON2 [Cds [ con(—lelern(20|e])de

< C"N2-50 as N — oc.

where C’, C" are constants depending on ¢ and |z|.

Now consider
Vo= [ds [ 0= 50— p)Vontn) | Tuts.p)dy
Using integration by parts, we get
Vim = [Las [ v{H(t - s.0 -9 Von(y bus.n)dy,
since H(t — s,z — y)Vpn(y)u(s,y) |agm= 0. Then
Ww=—42k/m{VH@—&x—yWMN@)

+H@—&w—w&w@ﬁwaw@,

:_‘73_‘/47
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where
- t
Vo= [ ds [ VH(t=s.2—y)Von(y)uls,y)dy.

In order to estimate |V3|, we note |[Vpy(y)| < CN~'. Now compute

|V H(t,x)|.

0
VoHE )P = Y| H(E o)

2
eap(~ 1200,
where C’ is a constant depending on |z|. Then
1p—m/2 ’SL’|2 —1
V(D) = Ot Penp(—)

< C’t‘m/zea:p( ’|> 1/27

2
= (' (mt)/2 _ﬂ
ap(~15 ).
Therefore we have
2
|V H(t,z)| = C't™ m+1)/26$p(—’3i).

We may suppose that
[u(s, y)| < Meap(ly”),  (0<s<T,yeR™)

with some constants M > 0 and 8 € (0,2), u(s,y) € £[0,7]. Then

~ t
W = | [ ds [ VH(E=s2—y).Fpn(y)ulsy)dy)
L[t z —y|”
< CON 1/ (m+1)/2 / B 3
< ONT | ds | exp( 9(t_8))6wp(!y\ )dy,

16
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if we let y = o 4 31/t — s, then

]173] < CN! /Ot(t — s)_l/st /Rm exp(—|€[F)exp(|z + 3Vt — sﬁ]ﬁ)dé’

N [t 5y 2ds [ eap(—leP)ern(3’(t — el e

< C"N'—0 as N — oo,

IN

with C” depending only on z and t. Thus we have |Vs| — 0 as N — oo and
consequently

[Vs| < |Va| +|Vi] = 0 as N — oc.
Since

A}im vy(z,t) = A}im pn(x)u(z,t) = u(x,t),

from (2.4) we get

u(z,t) = up(z,t) + pu(z,t). (2.7)

Remark. Let u(x,t) be as in the preceding proposition. In addition, assume
that the initial value a(z) of u(z,t) is not trivial. Then u = wu(z,t) > 0 if

t>0.

Proposition 2.2.2 Let u(x,t) be a reqular solution of (2.1) -(2.2) in E[0,T].

Then we have
a—x]U(.T,t) - g[O,T], (] = 1, 2, ,m)

Proof.Suppose that v(y, s) is a function in £[0, T satisfying (2.6). Put

w(z,t) = /Ot ds/m H(t —s,x —y)v(y, s)dy. (2.8)
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Then

a—%w x,t) / ds/m axj — s,z —y)v(y, s)dy,

by means of (2.5) we have

9
8xj

|z

By,

H(t — s,z —y)| < Ct= D 2eqp(— o

For any positive constant A we can choose N > 0 and v in § < v < 2 satisfying
exp(Nal’) < Neap(ial’), (s € R™),
we see that

t 0
el < . _ _
5. 0l < /ds/m\ H( s a =)l
2~ yl?

< —(m+1)/2 _1r=y B

if we let y = o + 3/t — s then

Gl < € [(e= s [ eapl—léP)ean(le +3vi= 3¢l )i
< O [t—s s [ eap(—leP)epl(] + 3Vl )de

IN

Ceap(jal") /0 (6= )7 2ds [ cop(—[el)ern(3't 161 e
Ceap(fal’) [ (5 2ds,

< Clexp(|z]),

IN

where C” is a constant depending on ¢ and « in § < v < 2. This shows

aixjw(x t) € £]0,T7, (1=1,2,...,m).
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Since a(y) € A then

0
g0 t0@ O < [Vauo(o, )

= | /., VeH(tx —y)aly)dy]

< Cf IVoH(ta - y)ldy

2
< C’t—(m+1)/2/ _lr—yl
< G
< C/lt—l/Qﬂ_m/Q — Cl

)dy,

where (] is a constant depending on t. On the other hand we can put v(z,t) =

ut(z,t) in (2.8) since u € £[0,T] implies that u'*t® € £[0,T]. Hence we get

0
a—xj(gbu)(x, t) € £[0,T).

Since u = ug + ¢u, we have

0 0 0
N < | _ < " 7).
|8xju(:c,t)| < \amjuo(a:,tﬂ + |8:cj (pu)(z,t)] < Cy + C"exp(|z|”)

So we can choose some constants C' > 0 and v < 2 such that
(e, 1)) < Cerp(ja]")

al'j ’ - p

le.

Proposition 2.2.3 Let u(x,t) be a non-negative continuous solution of (2.7)
in Qr = [0,T] x R™. Suppose that u(x,t) is bounded in Qr. Then
1)V,u, V. Vu and vy are continuous and bounded in Qr,

ii) w is the regular solution of (2.1) -(2.2) in [0,T].
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Proof.For the proof of boundedness of V, u, it is enough to prove that | 8“ | is

bounded. From Proposition 2.2.1 we get

ou 8u
)] = 90wty s [T syt )y
J J

0
< - _
< /m| 8y-H(t s, —y)llay)|dy

+ / ds/m H(t = 5,2 —y)l[u'"(y, 5)|dy,

since v is bounded, u!™® is also bounded in Q7 and since a(y) € A, a(y) is

also bounded in R™. Therefore we obtain

_ < _ _
5o 0 < Co [ 19— 50— )ldy

¢
+ C’l/ dS/R \V,H(t—s,x—y)|dy,
O m

where

—(m ‘x_y‘Q
/Rm IVyH(t — s, —y)ldy < C(t — ) +1)/2/m 6~”L3’.0(_9(1t - s))dy’

< Ot =)0 = )2 [ eap(—[e[?)d
=C(t—s)" [ eap(~|e)ag

-
= C(t — s)"V2am2 = C,,

and thus
Ou ¢ ~1/2
5@ ) < CotC [ (t=s)V2ds = C
J

which states that 5’;‘ (z,t) is bounded in Q7. Since a(z) and u'™*(x,t) are

continuous in Qr, 88“ (x,t) is not continuous only if ¢ = s but, ¢ # s otherwise

H(t — s,z —y) becomes undefined (0 < s <t <T). So we can conclude that

20



u"‘%(m, t) is also continuous and bounded in @7, therefore
J

ou
_ <
|u® o, (x,t)| < C,

for some constant C' > 0.
For the proof of boundedness of A u(x,t), it is enough to prove that

%(m, t) is bounded. Using integration by parts we get

%(x,t) = gzo x,t) +/ ds/m—H (t —s,x—y)u'T(y, s)dy

Ox; j 0%
= auo / dS/m 8% — 5,2 —y)u' Ty, s)dy
- §Zj<x,t>— [ = 50— 9w (5,9) o
= () [ = s = 5) 5 . 5)d s
since H(t — s,z —y) = 0 on OR™,
%(m,t) g“o( (1+a) / ds [ H(t =50 - yu°(y, s)g—:j(y, s)dy.

(2.9)
On account of the boundedness of u® 2 ( ,t), differentiating (2.9) with respect

to x, we get
0%*u 0%uy

<
Baae @ O <15, g0 @)
t 0 o ou
t o) [Lds [ 15 H s e =)l (095 (0. 9)ldy (210)

J

82’&0 t 0
< t d —H(t - —y)|d
< gy 0+ C [ ds [ 15 -H(E = 50— y)ldy
62
< amkaxjH(t—s,:r—y)lla(y)ldy

t
+ C/ ds/ V. H(t — s,z —y)|dy
0 m
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Now the boundedness of [pm |V H(t — s,x — y)|dy and a(y) imply

0? o2
- < —~ _H(t — _ '
< C/ |ALH(t — s, —y)|dy + C',
Rm
= O 2H(t—s,ac—y)|dy+C",
Rrm Ot
0
< 2| Ht-sz- /
< Oq ) (t—s,0—y)dy +C',
-

for j =k =1. So ;—;u(:v,t) is bounded in Q7. Since a%J_H(zf —8,x —vy),

2 u . . .
ayfayjH(t — s, —y), a(y) and uag—yj(y, s) are continuous in Qr, (2.10) gives

that 8‘9—;214(3;, t) is also continuous in Q7.
Next, we claim that v = wu(t,x) is Holder continuous in ¢ in the sense

that there is a constant C' independent of ¢ and x such that
lu(t+ h,z) —u(t,h)| <CVh, (0<t<t+h<T,zeR™.
First we will show that

wolt,a) = [ (.~ y)atyy = ()2 [ eap(-E ()0

is Holder continuous.

If we let y = = + 2V/t€, then we get

wolt,x) = (4mt) A4ty [ cap(~Ig)ala + 2vE)dg
w2 [ eap(—lg)ala + 2vE)de.

In a similar way we find
wolt + h, ) = 72 /R cxp(—|€P)alz + 2T + he)de,
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which leads to

luo(t + b, ) — up(t, )] < w*mﬂ/Rmexp<—yg|2)|a(x+2\/t+hg),
— a(z + 2V d¢.

Since a(y) € A, a(y) and V,a(y) are bounded in R™. So if we apply mean

value theorem to a(y), we get
la(@ + 2VE+ hE) — a(z + 2VEE)| = [Vya(n)lle +2vE+hé -z — 2VE]
< 201¢WE+ h — Vi

< K|Vt+vVh -1
= KvVh.

So

ot + h, @) — uo(t, z)| < Kw—m/%/ﬁ/m exp(—|€[2)de
= KvVhr ™?x™?% = KV/h.
Therefore ug(t, z) is Holder continuous in t.

In order to show that the Holder continuity of u(t, z), which is given by
(2.7), it is enough to show that (¢u)(t, z) = w(t, z) is Holder continuous. Thus
we will evaluate

Iy = wt+h,z)—w(t )
= /0t+h ds/m Ht+h—sx—yu't(sy)dy
— /Ot ds/m H(t—s,x—y)u'™(s,y)dy

t+h
= [ ds [ H(t+h s - yuttlsy)dy
t m
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where we have used

/mH@x—wHWwﬂy

= (rt) " am) R [ eap(—

) eop(— L)y,
If we let y = x + 2V/t€, we get
/mH@x—wHWwMy
= i) [ cap(leRlenp(— gl -+ (4026

= (ant) R T [ enpl-6Jeap(— -l + (40) 26

x; 2 t tl 2
— (am) 2 [ eap(~ 20 / e:cp(—ﬂ{f% e
baie 4v " JR
t1/2
— (4 —m/2,~ / +7) i 2
(i) 2T oot {5+2<tﬂ)x}
t
+ —x;)d¢;
4v@+7)>
(4 2 )—m/2 *'%‘2 I (t+—)|x|2ﬁ/ ( 7){5 + 1/2 }2)df
= T e~ e ex i T i
7 g 2(t+7)
Using substitution z; = &; + 1y Lir We have
/mH@x—wﬂhwﬂy
= (47T fy m/2€ 4(t+’Y) H/ exp ) Q)dzz‘
-l t+’y
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2
—|z|

= (dn%y) M2 T (_7W ym/2

2
— {4x(t —m/2 . —’.CIT‘
{dr(t+ 7)) expl— )
= H(t+v,1)
and this also yields
/ H(t—s,x—y)H(h,x —y)dy=H({t+h— s,z — 2). (2.11)

Now introducing

t+h
L= [ ds [ H@ = s =yt (s )y
t m
and
vis,y) = [ Hhy = 2)ut(s,2)dz = u'*(s,y)
we find
t
In=1 +/ ds/ H(t —s,x —y)v(s,y)dy.
0 m

For sake of simplicity, letus use the notation

t
I, :/0 ds/mH(t—s,x—y)V(s,y)dy.

Hence

Iy, =1L+ I,
Because of the boundedness of u(t, z), it is obvious that
t+h
Ll = | [ ds [ H(t+h— sz - y)ut(s y)dy)
t m
t+h
< C/ ds/ H(t+h—s,z—y)dy
t m

t+h
_ c/ ds.1 = Ch.
t
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On the other hand, we have

o)l = | Hby = 25, 2)dz — 0 (s, y)
—m |y_2|2 e} (o7
= | [ Gy Peap(— IR (s, 2) — b (s, )
< cvh

since |V (u'™*(s,2))| = (1 4+ a)u(s, z)|V,u(s,z)| < C in Qr.
Therefore we get
t
Bl < [as [ HE—sa—ylvisy)dy
t
< C"\/ﬁ/ ds/ H(t —s,x —y)dy
O m
t
= C’"\/ﬁ/ ds
0
< C"TVh = CyVh.
Then
lw(t + h,x) —w(t,z)| < |L| + || < Ch+ CoVh < CiVh

for some C; > 0. This will establish the uniform Hélder continuity of u(t, x)
in ?.

We turn to u;. Taking a small positive number €, we put

(peu)(t,z) = /OtE ds/m H(t— s,z —y)u'™(s,y)dy, (e<t<T,zeR™).

Since u'(¢, ) is bounded,

et ) = pult )| = | [ ds [ H(— 50— gt s, )yl

t
[ ds [ H(=s,m =yl (s, y)ldy
t—e R™

IN
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= (Ce—0 as e — 0.

Therefore ¢ou(t, z) tends to ¢pu(t,z) as € — 0 unifomly in [, 7] x R™, 6 being
a positive number. Recalling

%H(t—s,x—y):Awﬂ(t—s,x—y):AyH(t—s,x—y),

we have
Sty = o [ds [ H( - sa - yut(s )
8t U , L = 8t 0 S . S, T y)u S,y)ay
= [ HE—(t—e)x -yt — e y)dy
te 8 14+«
+/0 dS/MEH(t—S,x—y)u (s, y)dy
= / H(e,x —y)u(t — e, y)dy
t—e
+/ ds A H(t — s, 2 — y)u'T(s,y)dy,
0 R™

if we apply the Green’s identity to second integral of the above equation, we

get
AH(t — 5,0 —yu't(s,y)dy = / {UHO‘(S y)gH(t — 5, —Y)
rm Y ’ ’ aR™ "7 on ’
— H(t—s,x— y);uHa(s,y)}dS
+ / H(t—s,x —y)Ayu' ™ (s,y)dy
= / H(t —s,x —y)A,u' ™ (s,y)dy,
since

0 0
14+« _ _ — —_ — RN I+a =
/6Rm{u (s,y)—anH(t s,x—y)— H(t —s,x y)anu (s,y)}dS 0.
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So we get

o)tz =+ T

where
I = /Rm H(e,x — y)u'T(t —€,y)dy
and
I = /OtG/m H(t —s,x —y)A,u' ™ (s,y)dy.
Then
h—uta) = | [ Hlea—yu*(t—eydy—u(t2)

= ey [ eap(= e gy
Rm de ’

ul Tt )]
if we let y = x + 2v/€€ and put 72 = [ exp(|€|?)dE, we get

f—wteo) = w2 [ eo(—lePutte - e w + 2V

— [ eon(—lePyutet, ) g

<2 [ eap(—[EP)u(t 2+ 2E) — (1, 2

Since u'™*(s,y) is bounded and uniformly continuous in Qr,
[u't(t — e, 7 + 2v/€) —u'T(t,z)] — 0 as € — 0.

Therefore

I — ute(t,z) as e — 0.

On the other hand, I, converges uniformly in Q7 to
t
o(t,z) = / ds/ H(t— s,z —y)A,u' (s, y)dy,
0 m
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by boundedness of A,u't(s,y) in Q7. Then

~ t
L—e(ta) = | [ ds [ H@E—sz—yau(syay
t
< / dS/ H(t — 5,2 — y)|Ayu' (s, y)|dy
t—e m
t
< C ds/ H(t —s,x —y)dy
t—e m

t

= C ds.1

t—e

= (Ce —0 as e—0.

At this stage we have

and since

@(tv J]) =

J
¢
- / ds/ AH(t — 5,2 — y)u'™(s,y)dy
0 Rm
J

we get

9 gult, ) = M (1, ) + Asou(t, 7).

From the proposition 2.2.1, if we put ¢u = u — ug, then

8 14+«
a(u(t,x) —up(t,r)) = u' Tt z) + Alu(t,r) — up(t, r))

w(t,x) — %uo(t,x) = u™(t, ) + Au(t, ) — Aug(t, x))
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and since

%uo(t r) = /m = H(t,x —y)a(y)dy

= | AgH(t,x —y)aly)dy
= A / H(t,z —y)aly)dy

- AwUO(ta x)7

we get

uy(t,z) = u'T(t, ) + Ault, ).

Thus we established (i) and (ii) in the proposition.

Now we put

t,x
|v]= sup v{t, @)
zerm o<t p(t, )

for any function v with |v| € L[7,00) being H(t + ). Then obviously we have
vt 2)] =l v p(t, ). (2.12)

We will study the non-linear integral transformation ¢ defined by
(pu)(t,x) = /Ot ds/m H(t—s,x —y)u'" (s, y)dy. (2.13)

Lemma 2.2.4 Let u = u(t,z) be a regular solution of (2.1) -(2.2) in &€ [0,T]

with a nontrivial initial value a € A. Then we have
Jo® —u(t,07*>at, (0<t<T)

where

Jo = Jo(t) = /m H(t,z)a(z)dz.
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and
El§

H(t,z) = (dnt) "™ 2eap(— 0

t>0 R™
) (> 0zeR™

1s the Green Function of the heat equation.
Proof.Let € be a positive constant. Fix t in 0 <t <T'. Then we put
Ve =ve(s,2) = H(t —s+e,x), (0<s<t<T,xeR™)

and
J.=J.(s) = /m ve(s,x)u(s,z)dx.

We can conclude that, v, is regular in Q7 = [0, 7] x R™ since H (¢, x) is regular

in Q. Also
v,

—_A
O0s Ve

since Hy(t,x) = AH(t,x).

Since v.(s,z) is positive everywhere in [0,¢] x R™ and u(s,z) is also
positive in (0,¢] x R™, J. > 0 Vs € [0,t], and also u and v, are continuous,
thus J. > 0 is also continuous in s if it exists.

Since u € £[0,T], there are some positive constants M and [ < 2 such
that

0 < u(s,z) < Mexp(|z|?), (0<s<T,zeR™).

1/2

Now we will prove the existence of J.. Let x = 2(t — s + €)'/?n and

dr = 2™(t — s+ €)™2dn), then we have

0<J.(s) = / CH(t— s +e)u(s, x)da

< M H(t — s +¢,2)exp(|z|’)dx
Rm
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= Mr [ cop(-pnfeap((t - s+ <)ol
< Mw_m/Q/R emp(—|n|2+2ﬁ(t+5)§|77|ﬁ)

< Ma 2 [ eap(=lnf? + ).

Now claim that I, = [pm exp(—|n|? + ¥|n|?)dn < cc. Since

P =D mPR <3 P for B/2<1
=1 =1

we have
—[nl+ A0l < =Sl + X0 Il =S (=l A+ v ml?)
=1 =1 =1

Then

m

In < /Rm exp(Y_(=lmil* +~1mil”)dn

=1

= 1/ ewp(—lmP +lnl?)dn,
=178

= Q"LH/O exp(—n? + 0} )dn.
=1

Since [} exp(—n2 + 1) )dn; = ¢ for some constant ¢ > 0, it is enough to prove

the convergence of [ exp(—n2 + 1} )dn;. Since

2 g
lim exp(—n; + ;)

iy /2 =0 and /1 1 is convergent,

7

so by limit comparison test

~ ez (=02 4 n) ) dn;
1 p T; i i
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also converges. Therefore

/0 exp(—n? + 0} )dn; < C < o,

for some constant C' > 0. So [,,, < 2™C™ < oco. Therefore J. exists uniformly
and is a continuous function of s.
Furthermore, J. is continuously differentiable and satisfies the following

equation
dJ.(s)
ds

- / (s, 2)u(s, x) Fda. (2.14)

We put
JM(s) :/ Vew.pydx (N=1,2,..).
Rm

where py as in introduced in (2.3).

Now claim that J®)(s) tends to J.(s) as N — oo uniformly in s;

70s) = o) = | [ vewpnda— [
R’"L

Rm

veudr| < / veu|lpy — 1lde — 0
Rm™

as N — oo. Since as N — oo, /N converges to center of the ball in R™

(i.e. |z/N| < 1), pn(z) = p(x/N) — 1 as N — oo. Therefore
lpn(z) — 1| =0 as N — oc.

So we can differentiate JXV)(s),

d d
ey (000 — il
dsJ (s) /Rm ds(us.u)pN(x)da:
d d
= /R"L(£V5.u + V5.£u)pN(x)dx

- / (—Ayg.u—i—ys.Au).dea:—l—/ vt pyda.
m Rm

= [1 +[2
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First let us take Is:

L= [ vlsau(s.e)*odal = | [ visc)u(s o) pyde
— / ve(s, x)u(s, v) " dx|

< / vo(s, x)u(s, z) | pn (z) — 1|de
Rm

which tends to 0 as N — oo. Thus 5 tends to right hand side of (2.14). Now

let us prove that I; — 0 as N — oo.

L = / (—Av..u + v..Au)pydx

= — Aya.(upN)dx+/ v..Au.pydz
Rm

Rm
if we use Green's formula for the first part of the above integral, then we get

ov. d(u
L = —/Rm ve. A(upy)dz — /emm(u'pN o Ve (aZN))da

+ / v..Au.pndz.
Rm

Let us B(0,6) be a ball in R™. Then

52

Ve loposy= H(t — s +¢,0) = [4n(t — s + 5)]—m/2e$p(_m

)

tends to 0 as 0 — oo. Therefore v, |gpm= 0 and

o

pN(I) |8B(0,6): PN(5) = P(N)

tends to Oas § — oo, for a fixed N, |§] > N. Therefore py(x) |ggm= 0.
Thus
I =-2 v..Vu.Vpndr — /IJE.U.AdeZ'.
R™
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Let
py = |/ V.. Vu.V pydz] s/R v |Vl |V pw|de.
R™ m

From proposition (2.2.2) we have g—; € £[0,T],|Vu| € £]0,T]. Therefore we
have

/ ve|Vulde < C < 0o
Rm

as in the proof of the existence of the J..
Now claim that |Vpy| < CN~! and |Apy| < CN~2 for some positive
constant C. Tt is easy to see that |[Vpy| < CN™! and [Apy| < CN~2 holds.

Therefore py < CN~! — 0 as N — oo. We have also

g = |/Rm vewApydz| < /Rm veuw.|Apn|dx

< CN72 v..udx

R’I’TL
= CN2J.(s)
< CN 2?50 as N — .
As a consequence
dJN() dJ() uniformly as N — oo
— — — — 00.
sd ds Y

14+«

Then by Jensen’s inequality [[6], page 151] (u'™® is the convex function of u,

since a > 0)

—J.(s) = / ve(s, x)u(s, ) T dx
- {Rm Vsudx}“'a/ D d
T [ vedx “Jrm ©
= (/ v..udr)' e

= J(s).
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On the other hand

/ ve(s,x)dr = / H(t—s+e¢e,x)dr

2
— [dr(t — *m/Q/ _L
[An(t — s+ ¢€)] exp( M —s+e) Ydx
g 2em/2 =,
Hence
d
—J.(8) > J(s), (0<s<t).
ds
Then J.(s)"17*dJ.(s) > ds or,
t t
/ J.(s)"0dg(s) > [ ds
0 0
JZ40) — J7(t) > at. (2.15)
A direct computation gives that
|J(0) — Jo(0)] = | H(t+ e, z)u(0,z)dx — / H(t, z)u(0, x)dz|
Rm m

< / |H(t+¢,2) — H(t,x)|a(z)dr — 0 as € — 0.
or J.(0) — Jy. Now we claim that J.(t) — u(t,0) as € — 0;

6 —ut.0)] = | [ H(aultx)dr - u(0,2) / H(e, x)dz|

m

< / H(e,z)|u(t,z) — u(t,0)|[de — 0 as &—0

since H(e,z) — 0 as ¢ — 0. Therefore J.(t) — u(t,0) as ¢ — 0. If we take

the limit of both side of the inequality (2.15), then we get
Jo ¢ —u(t,0)7 > at. (2.16)

This completes the proof of the lemma.
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Theorem 2.2.5 [4] Let 0 < ma < 2. Suppose that a € A does not van-
ish identically. Then there ezists no global solution of (2.1)-(2.2) in £]0, c0).

Proof.Suppose that there exists a global solution of (2.1)-(2.2) in £]0,c0).
From Lemma 2.2.4
Jo® > wu(t,0)7 4+ at > at,

where Jy = [pu H(t, z)a(z)dz. Without loss of generality we can can assume
that a(x) > 0 in a neighborhood of origin. Then we can choose positive

constants v and ¢ such that |z| < 26 implies a(z) > . Now we restrict ¢ > §2.

Then,
—m/2 |=[?
Jo = (Amt)™ / exp(——)a(x)dx
Rm 4t
> (4art)"m/? / exp( ’I|2)da¢
7 ———)dx.
- 7 |z <26 b 4t

Since |z| < 26 and 62/t < 1, we get
Jo > fyexp(—l)(47rt)’m/2/ dr = Cot ™™/,
|x| <26
Consequently,
Cot ™2 < Jy <OtV or M2l > (0 /Cy)* = C% > 0

but the above inequality is impossible for a large t, because by our assumption

0 <ma <2 (i.e. ma/2—1<0). This completes the proof of Theorem 2.2.5.

2.3 Global Existence of Solutions

Under suitable conditions we may have the existence of global solutions.
First of all, suppose a € A is subject to
0 <afx) <OH(y,x)
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for some positive constants v and §. We fix « here and will determine 4 later.

u(t,x) = up(t, x) + /Ot ds / -~ H(t—s,x—y)u'™(s,y)dy (2.17)

where
wolt,w) = [ Htw = ya(y)dy (2.18)

is the integral equation asociated with (2.1)-(2.2). We are going to solve (2.17)-

(2.18) by iteration in class L]0, 00).[4]

Lemma 2.3.1 Let ma > 2. Then ¢p(t,x) € L[0,00) and
| on(t, x) [|< co.
where p(t,x) = H(t 4+ v,xz) and cq is constant given by
co = (4m)~me/? /Ooo(s + )M s = L(@w)’m“/?

2 —mo

Proof.From the equation (2.13), ¢p(t,x) > 0 is obvious and the continuity of

OH (t + v, x) is clear, since v, t are positive. We note

P (s,y) = H(s+7,y),

am2)

= (4m(s+ 7))7%/26%17(—@

< (4m(s +))m2,
This yields

0<opltia) = [ds [ H(E— s - )ote(sp)dy
)

t
ckénﬂﬁ—&x—wH@+va%&w@
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So we have

I dp(t.a) = sup 12PN

C
wermaso pltr) —

which completes the proof.

Lemma 2.3.2 Let ma > 2 and let u € L[0,00). Then ¢pu € L]0, 00) and we
have

I dulI< co || wll™

Proof.

out)] = | [ ds [ HE= 50—y,

t
< [ds [ H(E— sz —y)luts ) dy.
0 m

From the inequality (2.12) and Lemma 2.3.1, we have

oult )| < lulta) [ s [ H(E= 5050t 0)dy
=l |7 oot )
< aollulta) 4 plt, )
S0

|pu(t, )|

< co || ult,z) [
p(t, z)
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and

|pu(t, 2)| 1+
t = < t a.
Ioutt.2)li= sw =y Scluta)l

Lemma 2.3.3 Let ma > 2. Suppose that u,v € L[0,00) and they satisfy
full<M  and  |ol<M
for a positive number M. Then we have

| pu— v [|[< co(l+)M* [u—wv|.

Proof.First of all we will show that

P = ¢ < (L +a)lp - glmaz{p®,¢*},  (p=0,¢>0).

14+«

Let us assume p < ¢ and apply mean value theorem to f(z) = z'*® on [p, q|,

then

1+a _ 1+«
= (Lo
p—9q

for some £ € (p, ¢), and thus for arbitrary p > 0, ¢ > 0 we have
P =g < (1 +a)lp — g€ < (1 +a)lp — gl.maz{p®, ¢°}.
Putting p = u(t,z) and g = v(t, z) we get
't (t,z) — o't )| < (1 + a)|u(t, ©) — v(t, z)| . maz{u®(t, z),v*(t, z)}.

Since || u [|< M and || v [|[< M, |u(t,z)| < Mp(t,z) and |v(t,x)| < Mp(t,x).
Therefore

max{u®(t, x),v*(t,z)} < Mp*(t,x).
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Hence we get

't x) — o't x)| < (14 a)|ult,z) — vt 2) | M*p*(t, x)

< (L+a)Mepr(t,z) || u(t,z) —o(t, x) || .
Then

ou(t,2) — ou(t,a)| = | [ds [ H(— 0=yt )dy
< [las [ HE= 5w -l sy) — 0 s )ldy

t
/ dS/ H(t —s,2 —y)p' (s, y)dy
0 R

+ )M [[u(t,z) —o(t,z) || ¢p(t, x)

I
—~
—

< o1+ a)M || u(t,x) —v(t,x) || p(t,x).

This inequality gives us

|¢U(t,!)§') B ¢U(t,$)|
u(t,r) — ou(t,x = su
| ¢u(t,z) — pv(t, ) | S )
< oI+ )M | ult,z) —v(t,z) |
which completes the proof of the Lemma 2.3.3.

Lemma 2.3.4 Let 2 < ma. Take any positive number . Then there exists
a positive number § with the following property: if a € A and 0 < 6H (v, x),

then there ezists a solution of (2.7) in L[0,00), which is subject to
0<a(x) < MH(t+,z) (t>0,x € R™

for some positive constant M.
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Proof.We will use the the iteration defined by
Upt1 = U + PUp, (n=0,1,2,....) (2.19)

with ma > 2. According to Lemma 2.3.2, we can continue the iteration
indefinitely within £[0, c0) and get

So || uy || is bounded for sufficiently small . This implies that || u, ||<
M, (n=1,2,...) for some constant M = M (§) in which M(6) - 0asd — 0

| tn (= 0+ comat5(9)-
On the other hand from Lemma 2.3.3,
H Un+1 — Un || = H Uy + Uy — Uy — PUp_q H

= || dun — G |

< (1 +a)M*(6) || un — un || -
We can choose § such that
r=co(l+a)M*0) < 1.

Then

VAN
<
<
3

|
£
3
L

| Uni1 — un ||

IA
-
<
3
L

|
<
3
s

IN
-
3
£
|
I
o)

IN
o
(=)
2

IA
o
=



which implies that

00 o) 0051+o¢
S gt — up [|[< 6D = < 0.
n=0 n=0 L=
So the series
[e.9]
D M tngr = |
n=0
is convergent. Thus u, converges with respect to the norm || . ||, that is, u,/p

converges uniformly in [0, 00) x R™. Hence there exists a function u(t,z) €
L]0, 00) such that

| up —u||—0 as n— oo. (2.20)

Using (2.19) and (2.20), we easily get that u is a solution of (2.7).

Theorem 2.3.5 [4], [11] Let 2 < ma. Take any positive number . Then
there exists a positive number & with the following property: if a € A and
0 < 0H(v,x), then there exists a global solution of u = u(t,x) in [0, 00),

which is subject to
0<a(x) < MH(t+7,1z), (t>0,z € R™
for some positive constant M.

Proof.The solution we have constructed above is the required solution of (2.1)-

(2.2), since it is regular by the Proposition 2.2.3 and since £]0,00) C &[0, c0).
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CHAPTER 3

CAUCHY PROBLEM FOR QUASILINEAR EQUATIONS

3.1 Introduction:

For general nonlinear dissipative operators A(u), there is no known result
for the equation

uy = A(u) + uP.

In this chapter we shall look at a special case of the operator A(u). We begin

with the following initial value problem:

= div Va(u)
u = d {[1+ V., (u) 2] 72
u(z,0) = wup(z) reRY.

}+up, reRY, t>0

("Mean Curvature.”) Again the interest is in nonnegative solutions.

3.2 Global Existence and Nonexistence of Solutions

In [9], a more general problem is considered, namely (” Generalized Mean

Curvature”)
u = O(u) +u?, (z,t) € RY x (0,7T) (3.1)

u(z,0) = wup(z), reRY (3.2)

where

®(u) = div{e[(1 + |[Vu*) ] Vul,

44



with

(i) ¥ eC([1,00)); ¥(1) =10 >0,
(i) 0<¢'(s)+e(s) < (1+0)(s) (0>0),
(10d) (s) < Yu, tha < oo.

Then the critical exponent for (3.1)-(3.2) is p. = 1 4+ 2/N. More precisely we

have the following theorem.

Theorem 3.2.1 Consider the problem (3.1)-(3.2). Under the above condi-
tions on v, with p. = 1 4+ 2/N, we have: (A) no positive global solutions if
1 < p < pe and (B) some global, positive solutions if p > p.. Indeed, forp > p.,
for all wo, tg > 0, there is ag > 0 such that if ug < apgweexp(—|z|?/4towy), then

u(z,t) < wolt +to) N 2exp(—|x|?/4(t + to)bo).

Proof.(A) We assume that 1 < p <14 2/N. We may assume v is radially

symmetric and decreasing. Let r = |z|, then |Vu|?> = u? and

o) = div{y[(1+|Vul)?)
= Nrtup(y1 4+ a2) + r{r e o (1 + )Y,
= O (= (T + TR )
= N (T2

so the differential equation (3.1)-(3.2) takes the form

wp = - VLN b (V1 4 u2) ), + b

Let



where
o(r) =tk and C = / N=1o=hr® gy — =35 (N/Z) kN2,

We prove the theorem by showing that F' blows up in finite time for some

k> 0. So
P(t) = [ e e ar,
= [T (T e + [t e r,
using integration by parts for the first part of the integral above, we get
= = [T T ade e + [T e 0,
= I+ I,
Since ¥(s) < ¥y, u, <0 and
or(r) = C e ™M (=2kr) = —2krp(r) <0,
we have
L= = [T (U w)e (),
> 2k¢M/ rNuo(r)dr,
= <2 [ ulr NI er) + (),
> —2kN¢M/() u(r, t)rN Lo (r)dr,
— N (1),
Applying Jensen’s Inequality to I we get
o= [T e,

{/OOO N u(r, t)gp(r)dr} :

= FP(b).

v
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At the end we have
F'(t) > —2kNyy F(t) + FP(t).

F(t) blows up in finite time if k is such that FP~1(0) > 2kNwy,. Using this

inequality we get

F'(t) > —2kNuyyF(t) + FP(t) > —FP 1 0)F(t) + FP(1),
(1)
Fr(t) — F”‘l(())F(t)’

/ dt</ Frit FP 1(0)F(t)’
(T) da
F0) of — Fr=1(0)o

1<

T <

If F(t) blows up at T', then

F(T) 00
T < / = / < 0.
Fo) o — F(0)r~lo  Jro) o? — F(0)P~lo >

So F(t) has a finite blowing up time if
2k Ny < FP71(0)
which leads to
2ENYy < {(QkN/z/F(N/Q)) /OOO uo(r)ekTQTNldr}p_l.
Thus in the case of 1 <p <14 2/N,
p—1

IN Yk E D) < {(Q/F(N/Q)) /0 " p(r)e N 1dr}

will hold if k is sufficiently small.
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B. We assume p > 1+ 2/N. Let wy,ty > 0. Define
w(x,t) = wo(t +to) N 2exp(—|z|? /4t + to)iho).

Then w(x,t) satisfies the differential equation w; = ¥oAw. It is sufficient to

show that there is a supersolution @ < w. Let u = u(r,t) = a(t)w(r,t) and

o(@ = DA |

r

= A(u,)Avu+ A'(t,) Uiy,

= {A(w,) + A'(@,)u, A — A (G, )iy {dr + N= 1%} + A'(T, )ty Ty,
N -1

= {A(a,) + A'(u,)u, } A — . A(a,)u?.

We know that @ is a supersolution if

u; > ®(u) + u?

therefore
/ — (= \m — N—1 I(= \=2 —
o (Hw + at)w, > {A(a,) + A'(a,)u, A u — " A'(a,)u; + u?
and
/ — (= \— N—1 1(= 2 2 —
o (Hw + a(t)w, > {A(a,) + A'(a,)u, fa(t) Aw — Al(u,)a” (t)w? + aP.
r
This inequality gives
N -1

O/(t)w > {A<ﬂr) + A/(ar)ar - ¢0}a(t)¢o_lwt - A/(ﬂr)a2(t)w3 + @”

r
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or

/(1) = {A(m,) ~ A0) + Aol 2 - Y@ e 4 2

Here we put ¢y = ¥ (1) = A(0). Now let us apply mean value theorem
to A(s) on [0, @,];

A(a,) — A0) = u,A'(0u,), 0<6<1.

Since w(r, t) is a solution of w; = YyAw, we have

1 r?
wefw = 2(t+t0){_N+2(t+to)wo}’
—Tr
S TN RS
So
, Nou, S Uy, o
oaft) = _zwo(t+t0)‘4(9“’”)_2¢0(t+to)A(“’")
aﬂmZ

W{A’(Gm) + A @)} +

Now let us define

FO) =~ A0 = e A )
%{A’(em) + A(a)} + %p
Then
i) < |—%A%ear> +|—W%A'<m)
+ '%{A’(%T%LA’(%)} +Z,
— A+ o 4
b bt A0+ )l + 0
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Now using e™* < /2, we get

2
r r
wy| = wo(t+ty) N ———— eap(——————
| olt +%o) 2(t +to)tbo ol At + to)i/fo)
1/2 1/2
< wolt +to) NP 200" (1 + )Y
Q(t + to)wo T
= Cy(t+to) 2V
for some constant C. In a similar way, using e ** < 273, we obtain

r2w,| < Cy(t +to) 2N-1),

Let

A*(tg) :=maz{|A'(s)|||s] < Cy(t +t0)—%(N+1)}.

So we have

Na?

2¢0(t + to)

Oé2

Oyttt ARt
+ 200 (t + to) 1t + o) (to)

042

A3 (t + to)?

+ QPwl T (4 to) "IN eap(—

flt) < Oyt + to) 2 VD A% (1)

205 (t + to) "2V D A*(4)

r*(p—1)

A(t +t0)¢o)

or

A*(to)
ft) < o

+ wh P () (t 4 t) "IN,

{(N 4+ 1)Cy + Ca/tho }t + t) 2N+ 2 (¢)

Then u will be a supersolution if a(t) solves

Ckl(t) _ A;f;o())

+ wh P () (t 4 ty) " @TIN2

{(N+1)Ci + Cofepo } (t + to)fé(NH)aQ(t)

90



and

0<ac<l. (3.4)
Clearly « is increasing. To show that (3.3) and (3.4) has a solution, let
e =min{(p—1)N/2,(N +3)/2} — 1.
Then € > 0 and « satisfies
o/ (t) < {A1 QP (t) + Aga? (#) It +tg) ¢ (3.5)

for positive A;, A depending only on tq, Cy, Cy, wy, 1. Now choose a(0) =

g > 0 but so small that

—14—€

/1 do -
e — € .
(e7)) A10'2 + AQUP 0

(This possible since p > 1.) Then from (3.5) we get

/Ot A1a2(;§a—£sjlzap(s) < /Ot(s +to) "' ds

or

aft) do
<Nt = (1)) < e e
/ao A102+A20p_€ (0 (t+10)™) <e 0

So we have

/a(t) do Clpe o /1 do
— < € _—
ap A10'2 + AQO’p 0 ag A10'2 + AgO’p

Thus, «a(t) < 1 for all t > 0. This completes the proof of the theorem.
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CHAPTER 4

EXISTENCE AND NONEXISTENCE OF GLOBAL SOLUTIONS
FOR INITIAL- BOUNDARY VALUE PROBLEMS

4.1 Introduction

In this chapter we will discuss the long time behaviour of nonnegative

solutions of

?;Z = Au+uf in D x (0,7), (4.1)
u(r,0,t) = 0 on 0D x (0,7) and at r =00, (4.2)
u(r,0,0) = wug(r,0) in D x {0}, (4.3)

where uy > 0 is given, p > 1, [3]. Here D = {(r,0)|r > 0,0 € Q} defines a cone
in RY where Q Cc S¥~! be a connected submanifold of the unit sphere SV—1
in RY with boundary 0 and having positive N — 1 dimensional measure.
Now let A = —v_ where 7_ is the negative root of v(y+ N —2) = w; and
where w; is the smallest Dirichlet eigenvalue of the Laplace-Beltrami operator

on (), namely

Agp+wip = 0 in Q,

v = 0 on Of).

It is known that we may take ¥ > 0 on 2. We shall assume v is normalized

so that

/Qw(e)ng _ 1.
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We prove: If 1 < p < 1+ 2/(2+ X), there are no non-trivial global
solutions of (4.1)-(4.3). If p > 1+ 2/(2 + A), nontrivial global solutions of
(4.1)-(4.3) do exist.

Definition 4.1.1 (Quasiregularity) A solution of (4.1)-(4.3) is called
quasireqular in Qr = D x (0,T) if

(i) ue CX(Qr)NCO(@r — D x {T});

(11) Yk > 0,

lim e_'”/ lu(r,0,t)|dSy =0 and lim e_k’r/ |u(r,0,t)|dSy = 0.
Q Q

4.2 Nonexistence of Global Solutions in Sectorial Domains:

To prove the nonexistence of global solutions of the equation (4.1)-(4.3),

we need the following lemmas. [3]

Lemma 4.2.1 Let m,k,\,w be real constants with k* + X\ > 0. Let ¢(r) =

r™e~* . If one of the conditions

(A) (R 4 A)(m? + (N = 2m — ) > (m+ Z(N ~ )
(B) (1) (K2 +N)(m?+ (N —2)m —w) < (m+ %(N —1)Hk?,
(i3) (m?+ (N —2)m —w) > 0,
(idi) k(m + ;(N 1) <0
holds, then

r

N-1 i(TN—l dep(r)

. 5 ) 2 wrTe(r) = de(r);
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that s,

Ap(r) + Ap(r) = we(r)r™
for all r > 0.

Proof.By a direct computation we find

d m

SV = R} = ) G — k)

dr r
— ) {m? + m(N = )V = (RN = 1) + 2y 4 2

and

P SN (1)) = ()] O (V= 2))r = (RN =)+ 2Ry 442

which leads to

) o) 4 xplr) = () PO

where
P(r) = A+ E)r* — 2mk + k(N — 1))r + (m* + m(N — 2) — w).

Now we claim that P(r) > 0, Vr > 0; A implies that discriminant of P(r)
is negative and since A + k? > 0, thus P(r) has no real roots and P(r) > 0.

B(i) implies that discriminant of P(r) is positive, B(ii) implies that
r1.re > 0, B(iii) implies that 7 + 73 < 0. So we can conclude that ro <7 <0
and P(r) <0 on [ry, 7] i.e. P(r) > 0 on outside of (ry,71), since A + k* > 0.
But r > 0, therefore P(r) > 0, Vr > 0.

Therefore




Since

Bolr) = () + T L(r)

. r(Nl){ereow(m + (N - 1)7"N290r(7”>}

_ qui(qud@(T))’

dr dr

we get

Ap(r) + Ap(r) > wer™2,

Lemma 4.2.2 Let G(t) be a nonnegative C* function defined on [0,T) which
satisfies

G'(t) > GP(t) — AG(t) for some X € R.

If
(A) G(0) >0 and XA <0, then

T<G7(0)/(p—1),

while if
(B) A >0 and G(0) > \Y/®=D then

T < / [0? — o] tdo
G(0)

Proof.(A) Since G(t) is nonnegative, for some 7' > 0

G'(t) > GP(t) — AG(t) > GP(1),

G'7(0)
p—1

T T
/ dt < / GPdG(t) and T <
0 0
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(B). If A > 0 and G(0) > AY(®=1) then,

G/(t> T T dG(T)
SGm e T S L G e

G do o0 do
s
G0) 0P — Ao G(0) 0P — Ao

Slnce o Z G(O) > Al/(p_l)’ gPiAO' > 0

Theorem 4.2.3 If
1<p<1+4+2/(N+v4)=1+2/(2—-7-)

then no almost reqular solution of (4.1)-(4.3) with nontrivial, nonnegative ini-

tital data can exist for all time. [3], [10].

Proof.Let u(r,6,t) be any quasiregular solution of (4.1)-(4.3) and define
/ Y(@)u(r,0,t)dSy and to(r) = u(r,0).

where ¢ is normalized eigenfunction of the Laplace-Beltrami operator associ-
ated with wy.
Note that N dimensional Laplace operator can be written in polar coor-

dinates as

0? N-1)0 1
L -

A= 9 1A,
or? r or 27

If we multiply (4.1) by ¥ () and integrate over €2, we find
iu(rt) = [ 0(O)u(r. 0,008 = [ v(0)du(r. 0.0y + [ $(0)ur(r.0,0)dS).

From Jensen’s inequality we know that

Jo ¥(0)u(r,0,1)dSy
Ja ¥(0)dSs

o6

[ w()ar,6,0)d8, > { V[ w@ydsy = (.6).



Using Green’s identity and the fact that ¢(6) = 0 and u(r,6,t) = 0 on 052 we

have
| v(O)2u(r.0,6)ds,
N -1
_ /Q G0y (1. 0. £)dSp + - ) /Q b(O)uy(r, 0, 1)dSy
+ i/ D(8) Agulr, 0, 1)dSs
— W/zp 7“th59+ - a /1/) u(r, 0, t)dSp
+ rg A u(r,0,t)App(0)dSo,
or
0? N-1)0
/Ql/J(G)Aung = 52 a(r, t)+( . )E@(r,t)—% Q¢(9)u(r,0,t)d59
— Ad(rt) — °:2 a(r,t).
So we have obtained
w(r,t) = Au(r,t) + wia(r, t)/r2 > P (r,t). (4.4)

For m > —(N — 1) let us define
o(r) =rme /O

where

C = / (m+N— 1) de”/’ k— m+N)F(m+N)

If we multiply both sides of 4.4 by ®y(r)r¥~! and integrate on [e, R], we get

R R
%/ ﬂ(r,t)q)o(r)rN_ldr—/ Aﬂ(r,t)cbo(r)rN_ldr

&€

o7



—l—ﬂ Rﬂ(r )P (r)erldr > R'&p(r t)® (r)rN’ldr
7’2 . ) 0 = ). ) 0 .

By simple computations we find

R
/ Ad(r, t) Do (r)rN ~tdr

)

R N —1
— / {a”(r, t) + -1 . )ﬂ'(r, t)}rN_ltbo(r)dr
z—:R ,
— / {TN_lﬁ’} O (r)dr
R
= { Qo)1) — )il ) ¥ IF 4 [T AGy(r) Y dr,
Therefore we deduce that
d 7 N-1 B w1 N-1
%/ a(r, t)Po(r)r™ dr — / a(r, t){A@o(r) — r—ZqDO(r)}r dr
R
—|—{<I>6(r)ﬂ(r, t) — ®o(r)a,(r, t)}rN_l |§Z / aP(r, t)q)o(r)rN_ldr.
Since u is quasiregular

lim e_kR/Q |u(R,0,t)|dSy =0 and hm e ’“R/Q |ur(R,6,t)|dSy =0

R—o0 R—oo

for all £ > 0. Then

lim RN 1{@’ (R)i(R, ) — ®o(R)in (R, t)}

R—o00

_ I%lmclRle*’fR /zp (R, 0,1)dSy
— Jim CIRmEN *’fR/ D(8)ur (R, 0,1)dSe

converges to 0 as R — oo for any m € R
Let us assume that u and m are such that there exists a sequence {€,}°°,,

e, — 0 as n — oo with the property

lim 6 1+m{ma<6n, t)/gn - ar<€n7 t)} = 0.

n—oo
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Now consider

and substituting ¢,, for € we get

— By(e)eN 1{ (en, )(m/an—k)—ﬂr(an,t)}
_ ClekengmtN- 1{ (en, )(m/en—kz)—ﬂr(sn,t)}

— kan_1<P0(5n)ﬂ(5n, t).

Thus
limg gN-l{cpg(e)a(g, £) — Bo(e)in (e, t)} 0.

e—0
So we deduce

o0

- w _
pr / a(r, t)®o(r)rN " tdr a(r, t){ACIJO(r) - T;(IDO(T)}TN Ydr

P (r, t) Do (r)rN Ldr.

J
.

Vv

By use of Jensen’s inequality

/ a(r, t)®o(r)yrN tdr — /ooﬂ(r, t){ACIJO(r) - ﬂ<I>0(7")}7‘N_1d7“
dt 0 2
P

> {/OOO a(r, t)@o(r)erdr} ) (4.5)

Now let us define

G(t) == /0 i, ) Do (1) dr (4.6)



then (4.5) can be written as
/ R Wi N-1
¢t =6+ [ al t){mo(m _ TQCIDO(T)}T dr.  (47)
0

Let A > 0 (i.e. K>+ X > 0 for all k). In the view of 1 < p < 1+
2/(N +74), it is possible to find an m such that m € (v,,2/(p—1) — N) then
m? +m(N —2) —w; > 0. From Lemma 4.2.1, putting w = w; > 0, we get

w1

AG(r) +20(r) 2 (1)
where ¢(r) = r™e . If we multiply both sides by C~! = k(m+N['~1(m + N),
then we get
ADo(r) = 5 Po(r) > —Xo(r).
Hence from (4.7), we have
G'(t) > GP(t) — A\G(t), (4.8)

and from (4.6)

GO) = [ a(r)@o(r)rdr

0
— Cl/ooorm+N1ﬂ0(r)dr

_ { k0T (i N)}_l /0 N () dr (4.9)

Since we have chosen m € (v4,2/(p — 1) — N), we can find a 3 := A\/k? such

that
m+w + (N —2)?/4
m2+m(N —2)—w’

g =
Since m + N < 2/(p — 1) and we can therefore find a k sufficiently small

satisfying

j—12/(—1)=m—N] / r N0 (r)dr > T(m + N)BY e, (4.10)
0
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From (4.9) and (4.10) we get
G(0) > A=), (4.11)

So we can apply Lemma 4.2.2(B) to get

00 d
TS/ ? < 00.
G(0) P — Ao

This completes the proof of theorem.

4.3 Existence of Global Solutions in Sectorial Domains

For the existence of the global solutions of the equation (4.1)-(4.3), we

have following theorem of Levine and Meier [10].

Theorem 4.3.1 Ifp > 1+ 2/(N + v,), nontrivial global solutions of (4.1)-
(4.3) exist. [10]

Proof.The proof proceeds by the method of supersolutions. Let u(z,t) =
B(t)w(x,t) be the supersolution of (4.1) -(4.3) with w(x,t) is the positive

solution of u; = Aw in Q7. Then

%E(az, t) > Au(z,t)+aP(x,t),
B'(t)w(z,t) + ﬁ(t)%w(x, t) > Bt)Aw(x,t) 4+ BP(t)wP(x,t),
Bw(z,t) > BP)w(z,t),

F(t) = Bt ().
Then @ is a supersolution of (4.1)-(4.3) if

B(t) = p(t) || w(x,t) |77 0<t<T. (4.12)

oo 7
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The solution of (4.12) with 3(0) = o > 0 will be global if

W = /°° | w(a, t) |21 dt < oo (4.13)
0
and if
0<fy<{(p—1)Wy} V=D,
Let
r - Tdp(t)
W ::/ L) |15t dt:/ :
T OHw@ ) 115 0
then
1-p o 1-p
W%:ﬁ (T) = Bo |
IL—=p
or

1
0<8(T)=—— .
(B " = (p— HWr)r~!
So f((t) exits globally if By — (p — 1)W,, > 0 that is
0< By <{(p—1)Wa} Ve,

Thus it remains to construct w(z,t) such that W, < oo. To do this, we let
r = |z| and let ¢y > 0 be fixed. We define

1/2

vim et 5N =2) = {or + GV - 2)7)

It is easy to show that
1 2
w(r,0,t) = (t +to) 2D (r/2(t + to))e_4<t++té>w(0)

where I, denotes the Bessel’s function of order v [17].
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Since 9(0) is bounded in €, in order to show that (4.13) for p > 1 +

2/(N + v4), it suffices to show that

lim sup(t + to) 2N+ {sup W (r, )} < oo

t—o00 r>0

where
W(r,t) = (t+ tO)_lr%(N_2)IV(M)6_(’"2“)/4(”'50).
Since
15 g} <o
t—o0 r>0
we have
LN 1 (»-1) 1
lim sup(t + to) 2N F+)(P= ){Sup W (r, t)} — D)
t—o0 >0
or -
li Sup,>o W(Ta t)} C(pfl)
s (t + to) 2V HE-)
SO

o] p—1
/ {sup W (r, t)} dt is convergent because
0

r>0
/00 dt
o (t+ to)%(N+7+)(p—1)

< 00

for (N +~4)(p — 1) > 1. This implies that

We = [ llwle,t) 2 at
0

= /Ooo{sup W (r, t)@/z(@)}pldt

r>0

= () /Ooo{supW(r,t)}p_ldt

r>0

is also convergent. So we get (4.13).
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Now in order to verify (4.13), we will show that

lim sup(t + to)%(Nﬂ*){sup W (r, t)} < 0.

t—o00 r>0
First of all W (r,t) vanishes at r = 0, co because of the
27/ T(v+1).2", asz— 07"
I,(2) ~ {

(2m2) "1/ %e7, as z — +00.

Thus a value 7,,(t) of » may be found such that 0 < r,,(t) < oo and

W (ry,(t),t) = sup W(r, t).

r>0

Let

WEHOW (1 (1), 1)

N|=

W(t) = (t+to)

_L(N— m (T 0]
= (t+to) BN (¢ + 1) Tl 2)(t)fu(2(rt74£t)o>)e )
Y T\ _l(N— rm(t) | _rm®
— (t+1,)2 sIN=2) (M et

(t+ o) (t+t0) (2(t+to))

Let
1
Ym(t) = 5rm(t)/(t + o).
Suppose on some sequence {t;}32,, W(ty) — oo as t, — +oo. If, on some

subsequence, y,,(tx) — 0, then

R N N To(ty) | — i)
W(t,) = (t. +19)2 sIN=2) (AR T Tatio)
(t) (t + o) <tk+to 2(tk+t0))
2—11

1
= C(tk + to)%(Zym(tk))’%(N’m yfn(tk)e_4(tk+to)

I'v+1)
e*y?n(tk)(thrto)

= Oty +to) Tyt (th)e Tl o (i) ttto),
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since e~ T i bounded,
2 2 )t 2
W(tk) = C{ym(tk)(tk -+ to)} e*ym( &) (tk+to) — OV ?

where z = g (t,) (tr + 1) /2. Since 27+e~*" is bounded on [0, 00), W(t),) # 0o
on such a subsequence. If, on the other hand y,,(t;) — oo on some subse-

quence.

2, (tg)

)—%(N—2)]V(ym(tk))€_4(tk+t0) ’

I+ T'm

Wit) = (o) ¥ (0

—1
— Otk +t0) F (2ym(tx) TV D 2y, (84)) 2 evm e Trioy

e—y?n (ti)(te+to)

_ _ 1 2
= Ol + t)) T e AT

_(Z_+)2
= (C2'e = Wt
where z = y,, (tx)V/tx + to and

_(z_+)2
ZT*e Witto' — () as Z — 00,

from which we again conclude that W(t;) / oo. So have proved that as
Ym(tr) — 0, W(tg) /4 oo and as y,(ty) — oo, W(tr) # oo. Therefore, if

W — +00, we must have constants A and B such that
0<A<yn(ty) < B < 0.
However, in this case

Wit) = (b +10) 7 2y (00) FN DL (g (t1))e TV 00

< Oty +to) T e Pt < 0 < o0,
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So we get

W(t) = (t + to)%(Nﬂ*){Sup W (r, t)} A 00 as t— oo.

r>0

Therefore we have

lim sup(t + to)%(Nﬂ*){sup W(r,t)} < oo.

t—00 r>0

This establishes the theorem.

4.4 Nonexistence of Global Stationary Solutions

For nonexistence of global stationary solutions of the equation (4.1)-(4.3),

we have the following theorem of Bandle and Levine [3]

Theorem 4.4.1 If

2
l<p<l——
v

then, there are no positive stationary solution of (4.1)-(4.3), that is, there

exists no w > 0 such that
Aw+w? =0 i D, w=0 ondD. (4.14)

where D = {(r,0) | r > 0,0 € Q} and Q C SN~ is the connected submanifold

of the unit sphere SN=1 in RY.

Proof.Let u solve Au+uP =0 in D, ue€ C%(D)NC*D') for all D' C D, D’
bounded, and let © = 0 on 0D. Define

a(r) = /Q b (8)u(r,8)dS,.
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where 1) is the normalized eigenfunction of the Dirichlet problem defined by

Agth +witp = 0 in €,

v = 0 on 0f),

and
| v(®)sy =1
in which w; is the smallest Dirichlet eigenvalue of the Laplace-Beltrami oper-
ator.
We know that the Laplace operator in N dimensions can be written in

polar coordinates as A = A, + T%Ag where

Y
or? r  or

A, =

Aa(r) = Aya(r)
_ /Q BO)Au(r, 0)dSy = /Q w(Q){Au(r, 9) — ;Agu(r, 0)}d59
S /Q (0P (r, 0)dSy — :2 /Q b(6) Agu(r, 0)dSy. (4.15)

Using the Green’s identity for the second integral in (4.15) we get,

/Qiﬂ(Q)Agu(r,@)dS@ = /Qu<r’9)A9¢(0)dS9_/89{¢(9)8ué:;0)

— u(r, )algi)}dé’g

So

[ u(r,0)0(0)dS) / D(8)uP (1, 8)dS,
a(r) — /w YuP (r,0)dSy.

~1

2
w1
_2
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If we use the Jensen’s inequality, we obtain

| v 0)ds, > {fQ“(T’Q)W)dSQ}p | v(®)asi

Ja¥(0)dSs
— {/Qu(r, 9)¢(9)d59}p

= (1)

since u? is the convex function of u for p > 1. Consequently,

(4.16)

Now let A be one of v, 7_ and § = N — 1+ 2X. Then (4.16) implies

that

(rP(r=u(r))) +rP P (r) < 0.
Let I(r) = r=*u(r), then
(rU(r)) + PP (r) < 0.
for 0 < p < r < oco. Integrating twice the inequality (4.17) we find
U (r) — PPl (p) + /: s97 AP (s)ds < 0

or
¢ T
P

U(ry) — I(rs) + / Y e Bae / A (s)ds <

(4.17)

(4.18)

To complete the proof of the theorem we will need several Lemmas.

Lemma 4.4.2 Let A =~,. Then

lim p°l'(p) = 0.

p—0
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Proof.The function h(r,6) = r*)(#) is harmonic. Since

0? N—-1)0 1
Ah(’f‘, 0) = wh(?", 6) + ( ” )gh(r, 6) + T—2A9h(7‘, 9)

= A= D)r720(0) + AN — D)r*2(0) — wir2(0)

= 2O AN+ N —2) —w))
= 72, 0) (v (74 + N = 2) —w))
= TﬁQh(T, 9) (wl - Wl)

= 0.
Therefore, if we set
D.={(r,0) |le<r<1,0 €Q}
and since u? + Au = 0, we find

0= / h{u? + Au}dr = / hAudz + | huPdx. (4.19)
D, D,

D,
Using the Green’s identity for the first integral, we get

hAudr = / uAhdz + {h% — u@}ds.
dD.

D. . on on

Since Ah =0, (4.19) gives

ou Oh
= — —Uu— Pdx. 4.2
0 éDE{han uan}ds+ . huPdz (4.20)

Let I', = 0D. N {r = a}. Then

ou oh ou oh ou oh
fm{h% - “a—n}ds = ﬁl{ha—n - “a—n}ds + pg{h% - ”a—n}ds

o
Ir|

=r, since |[r| = 1. But

ou  on o Oh
ﬁl{h%—u%}ds:]il{ha—u%}ds:c“ (4.21)
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where C'is a constant and I';; n = —""7| =—r

j{ {h% — u%}ds = /E{V‘z/}(@)w — Au(r, H)w(ﬁ)rklg—;}ds

n

= —/{5’\1/J (0)uc(e,0) — AsAlu(e,G)w(G)}ledse
_ _MN- las{/ b(0)ule e)dsg}
+ AN 2/ Y (0)u(e, 8)dSy

— 6)\+N 1~ /( )_,_)\EA—FN 2u(€)
= MV (e) — Ma(e) Je). (4.22)
Substituting (4.21) and (4.22) in (4.20) we find

6>‘+N_1{12’(6) - )\11(5)/5} = [ huPdx+C.

De

Since (r) = r*l(r) we have

N (6) — Aa(e) fe} = s”N_l{)\aA_ll(a) +eM'(e) — )\5A_ll(5)}7

— €2>\+N_1l/<€>,

= °I'(e),

SO

Ple)= | huPdx+C.

D

Since C' is independent of ¢ and the integral is a decreasing function of ¢,
lim, o £”l'() exits. Suppose this limit is x # 0. Then for all § € (0, |«|), there

is po such that

107U (p) = K| <6
that is
kK—0 K+0
i =t (p) < p



if p < po. Integrating this over [, pg|, we find

PO -8 Po/ _8
(k=p) [ pdp< ["U(p)p < (+p) [ o

K—20
g—-1
For A= (8- N +1),

4

€' = po %) < U(po) — Ie) <

lim 7*(r) = lim @(r) = @(0) = 0.

r—0 r—0

If we multiply the last inequality through by *, we get

-0 )
EIE N = ] < i) — (o) < S - 2

Since 2—N—-A=2—-N-—-v,<2—-N <2-2=0, we have contradiction

@
—_

if e = 07 unless k = 0.

Now if we take limit of (4.18) as p — 0 we get
B (r) + /0 " N1 (5)ds < 0. (4.23)
Lemma 4.4.3 Let A\ =~,. Then l(r) decreasing and
lim I(r) = 0.

T—00

Proof.From (4.23) it is trivial that I(r) is decreasing. Let lp = lim, o [(7)

and assume [y # 0. Then integrating (4.23) with reepect to r, we have

/pT l’(é)dﬁ/,;iﬁdé /05 s (s)ds <0

I(r) — 1(p) + /Tg—ﬂdg /j NI (5)ds < 0. (4.24)
p
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Taking limit of the inequality (4.24) as r — oo, we get

/°° ede /5 SN71+/\(p+1)lp(s)dS <I(p) — lim I(r) = I(p) — lo.
P 0

or
00 3
/ ¢Be / NI P(5)ds < oo (4.25)
p 0

Now we claim that [y = 0. (4.25) implies that

b et SN g < oo
p 0
(N + /\(p+ 1))—1[167 /oo §N+>\(p+1)—/3dé' < 00
p

(N +Ap+ 1) /OO 1D ge < o0, (4.26)
p

since (N +A(p+1))"' >0and 1+ A(p—1) > 0. (4.26) gives the result that
lo =0.

Lemma 4.4.4 Let A =~,. Then

lim 7"(2+(p_1))‘))/pl(r) = 0.

7—00

Proof.From (4.24) we have

/ " ehde /0 § NI () ds < () — I(2r)

which yields
2r 13
lim [ e Pde / NI (5)ds = 0.
0

On the other hand by monotonicity of [

2r 13
rer) [ et / SNIRAEH) g <
0

2r
r r

¢Pdg /5 sN*H)‘(pH)lp(s)ds.
0
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Thus
2r §1+/\(p71)

P 1HAp—1)
- ! im IP(2r)(2r)2 A e=1) 1 24\ (p—1)
{1+ A -DH2+ Mp - 1)}7»1%01 (2r)(2r) {1-(3) b

lim P(2r)

r—00

dg

So

lim 1P(2r)r2 A1) =

7—00

which completes the proof of the Lemma. The above result also yields
Corollary 4.4.5 Let A =~,. Then

lim r”I(r) =0

forallv < (2—(p—1)N)/(p—1).

Proof.Let a =2+ (p — 1)\. Take p =1r/2 in (4.24). Then
I(r/2) —1(r) > /:2 €_Bd§ /5 8N—1+)\(p+1)lp(5)ds,
> lp / £ ﬁdé‘/ 1+>\(p+1
_ —1p a—
= (N (p+ DN () /T/Qg 3
> (N4 (p+ D) - )P
S0

C lim P(r)r* < TILIEO{Z(T/Q) —1(r)} =0 which gives Lim 17(r)r® = 0.

r—00

Since
re/Prap(py = CreP(i(r/2) — I(r))
< Cr*i(r/2)
= C27(r/2)*?U(r/2),
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from Lemma 4.4.4 we get

lim (/2)%?1(r/2) = 0.

T—00

Therefore we see that

lim r» P(r) =0 implies lim rfﬁ%l(r) = 0.

T—00

Repeating this argument yields

lim Ta(%JrP%Jr'")l(r) = lim r71(r) = 0

r—00 r—00

since v < w = —4-. This implies that
p p
2 — DA
lim 7”I(r) =0, Y < +(p1)
r—00 p—

Lemma 4.4.6 Let A = . There exits ¢ > 0 such that

)PV 2P > ¢ g > 1.

Proof.From (4.23), we find
1
rPU(r) + / sNTIAGP(5)ds = rPU (1) + co
0
where ¢y = [} sV 1P (s)ds. So for 1 < p < r we get

U'(r)+cor™® > /r I'(s)ds + cg /T s Pds
P

p

- 1<r>—Z<p>+cO{%}.
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Letting r — oo, we have

or
-1
P’ (p) > C, (p>1).

Substituting 3 = N — 1+ 2X and p = r we get,
PN () > O, (r>1)

To complete the proof of the theorem, we will use Corollary 4.4.5 and

Lemma 4.4.6 with A = ~,:

2—A A
C=2A4P) v oo
p—1
or
> 1+ 2 =1+ 2 =1 2
P N o T T N2y,
since vy +v_ =2 — N. Thus if
2
l<p<l——,

we have shown that no positive stationary solution exits.

Theorem 4.4.7 [3] If a stationary solution exits then u(r)r’ — 0 as r — 0

forallv<2/(p—1).
Proof.If a stationary solution exits then
2 2
p>1—— thatis 0< —— < —_.
V- p—1
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This implies that

2

0 <la(r)r’| <a(r)re=—t <a(r)r~7- —0 as r—0,

since lim, o @(r) = @(0) = 0 and lim,_,o 77~ = 0. Therefore we get,

lim a(r)r’ =0, Yo <2/(p—1).

r—0
4.5 Initial Boundary Value Problem on A Bounded Domain:

Let us consider existence and nonexistence of global solutions of the

problem
u = Au+ h(t)u?, in Dr:=D x (0,T] (4.27)
u(z,0) = wuo(x) >0, in D (4.28)
u(z,t) = 0 on 0D x (0,7 (4.29)

where D is a bounded domain in RY with sectionaly smooth boundary. ug is

bounded and p > 1. The function h(t) has the properties

(h1) heCl0,00), h>0;

(h2) e’ < h(t) < ayef! for sufficiently large t,

where ag, a1 > 0 and § > 0 are constants. Now let w be the solution of the

equation
w = Au in Dy (4.30)
u(z,0) = wup(x) in D (4.31)
u(z,t) = 0 on 0D x (0,T]. (4.32)

Then we have the following result of Meier [12].
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Theorem 4.5.1 Assume h(t) has the property (h1l) but not necessarily (h2).
(1) If there is a solution w # 0 of (4.30) -(4.32) such that

|7 @) w7 de < oo,
0
then there are global positive solutions u of (4.27)- (4.29) with

lim || u(.,#) [|= 0

t—o00
(i) If
t
limsup || w(.,¢) HP*/ h(s)ds = 0o
t—o00 0
for all solutions w # 0 of (4.30)-(4.32), then every nontrivial solution of

(4.27)-(4.29) blows up in finite time.

Proof.(i) Let a(t) be the solution of
d(t) =h(t) || w(.,t) |P" a(t), a(0) = ag > 0.

Then @(z,t) := a(t)w(z, t) is a supersolution of for (4.27)-(4.29) with @(x, 0) =
aow(x,0) = up(z);
uy — Au — h(t)u
= d(Ow(z,t) + a®wi(z,t) — Aa)w(z,t) — h(t)aP(H)w?(z, 1),
= h(t) | w(t) [P a(Ew(a, t) + a(t) Aw(a, t) — a(t) Aw(e, 1)
= h(t)a"O)w"(z,1),

- h(t)ap(t)w(a:,t){H w(.,t) P! —wp_l(:c,t)} >0,

We may assume that lim; . || w(.,t) ||= 0 holds, since in every domain D

there are solutions of (4.30) -(4.32) with that property. Thus it is enough to
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show that choice of ay ensures that a(t) exists all over Ry and is uniformly

bounded there. Now let us find a(t); since a’(t) = h(t) || w(.,t) [|[P71 aP(t),

= b | ) [P
/Ot a ?(s)da(s) = /Oth(s) lw(,s) [P~ ds
[ Bs) ) I ds

and
aft) = {aa o —1) [ ") w0 7t as)

This means that we can choose ag so that a(t) exists over all Rj. Since we

have
/ h(s) || w(.,s) [Pt ds = M < oo,
0

Jim ffu,f) | < lim [ a(,t) ||

= Jim a(t) [| w(.,?) ||
= {ag"™ = (p—1)M} VO lim | (1) |
= ()7

therefore

lim | u(.,t) = 0.

(ii) Define z(v;w) to be the solution of

ZZ = 2P, 2(0;w) = w. (4.33)

For arbitrary initial conditions let w be the solution of (4.30)-(4.32) and v :=

J3h(s)ds. Then u(z,t) := z(v(t);w(x,t)) is a subsolution for (4.27) -(4.29)
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that blows up in finite time; for the proof of this let us look at

u; — Au — h(t)u”

dz dv dz dw
- - _ p
war T awar Nz

2Ph(t) + j;Aw — Az — h(t)2P
ZwAw — Az

2, Aw

N
ZwAW — Zyw Z |w,,
i=1

— Zuww| Vw|* < 0.

So we have u(z,t) = z(v(t),w(z,t)) is the subsolution of (4.27)-(4.29) that is

u(z,t) < wu(x,t).

If we solve the differential equation (4.33), we get

2(w,t) = {w (x, 1) — (p = Do(t)} /07,

So z(v,w) blows up if and only if w'™?(z,T) = (p — 1)v(T) for some T < cc.

This implies that

. T) 7 " h(s)ds = ——. (4.34)

(4.34) is possible because

t
limsup || w(.,?) Hp-l/ h(s)ds = oo.
t—o0 0

Example: Let us consider the differential equation

u = Au+ceup, in Dy:=D x (0,7 (4.35)

u(z,0) = wup(z) >0, in D (4.36)

u(z,t) = 0

on 0D x (0,T]. (4.37)
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clearly the function ce® satisfies the conditions (h1) and (h2) for sufficiently

large ¢t and for # > 0. Then we have the following theorem [12].

Theorem 4.5.2 Assume D is bounded subset of RN and h(t) has the proper-
ties (h1) and (h2). Then

(a) If p > pj, then there is a global solution u # 0 of (4.35)-(4.57), whose
supremum norm || u(.,t) || is finite for any t > 0.

(b) If 1 < p < pj, then any nontrivial solution of (4.35)-(4.37) blows up
in finite time, i.e. there exits T, < 00 such that lim;_1_ || u(.,t) ||= 0o
hold for pjy = 1+ 3/\1, where Ay is the first Dirichlet eigenvalue of the Lapla-

cian i D.

Proof.If ¢(x) is a positive eigenfunction corresponding to the first eigenvalue
A1 of the Laplacian.

Then w(z,t) := e M (z) satisfies
wy(z,t) — Aw(x,t) = —M\e Mg (z) — Ay (z) = 0.

Therefore (a) follows from Theorem 4.5.1(i).
Now let us prove (b). For this it is enough to show that L., = oo for
L <p<pj(ie B—M(p—1)>0) where
¢
Loo = limsup || w(z, £) [P / cePldt.

t—o0 0

S0
Lo = B~ imsup{sup ¢, (z)}P te MDA 1)
t—o0 z€D

= cﬁ’l{sup ¢1(x)}p71 lim Sup{e[ﬂh(pl)]t _ e/\l(pl)t}.
zeD t—00
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We can say that ¢ = 5 — A\;(p— 1) for some € > 0 and being the first Dirichlet

eigenvalue, \; is a positive number i. e. A;(p — 1) > 0. So we get

Loo = cB H{sup ¢1 ()}’ ! lim sup{est - e_Al(p_l)t} = 0.
xzeD

t—o0

Therefore (b) follows from Theorem 4.5.1(ii).
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