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ABSTRACT

STURM COMPARISON THEORY FOR IMPULSIVE
DIFFERENTIAL EQUATIONS

OZBEKLER, Abdullah
Ph.D., Department of Mathematics
Supervisor: Prof. Dr. Agacik ZAFER

December 2005, 72 pages

In this thesis, we investigate Sturmian comparison theory and oscilla-
tion for second order impulsive differential equations with fixed moments
of impulse actions. It is shown that impulse actions may greatly alter the
oscillation behavior of solutions.

In chapter two, besides Sturmian type comparison results, we give
Leightonian type comparison theorems and obtain Wirtinger type inequal-
ities for linear, half-linear and non-selfadjoint equations. We present anal-
ogous results for forced super linear and super half-linear equations with
damping.

In chapter three, we derive sufficient conditions for oscillation of nonlin-
ear equations. Integral averaging, function averaging techniques as well as
interval criteria for oscillation are discussed. Oscillation criteria for solutions
of impulsive Hill’s equation with damping and forced linear equations with

damping are established.

Keywords: Sturm, Leighton, Wirtinger, Damping, Hill’s Equation, Impulse.
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IMPALSIF DIFERANSIYEL DENKLEMLERDE
STURM KARSILASTIRMA TEORILERI

OZBEKLER, Abdullah
Doktora, Matematik Bolimii
Tez Yoneticisi: Prof. Dr. Agacik ZAFER

Aralik 2005, 72 sayfa

Bu tezde, impals etkisi sabit zamanli impalsif diferansiyel denklemler icin
Sturm tipi karsilagtirma teorisi ve salinimini arastirdik. impals etkilerinin,
¢oziimlerin davranigini 6nemli olgiide degistirebilecegi gosterildi.

Ikinci bolitmde, Sturm tipi karsilagtirma sonuclariyla birlikte, lineer, yari-
lineer ve kendine esglenik olmayan denklemler i¢in Leighton tipi karsilagtirma
teoremleri verdik ve Wirtinger tipi egitsizlikler elde ettik. Damping terimli
kuvvetlendirilmig siiper lineer ve siiper yari-lineer denklemler i¢cin benzer
sonuglar sunduk.

Uciincii boliimde, lineer olmayan denklemlerin salmm  icin yeterli
kosullar1 elde ettik. Salinim igin aralik kritelerinin yanisira integral orta-
lama, fonksiyon ortalama metodlar1 ele alindi. Damping terimli Impalsif
Hill denklemi ve kuvvetlendirilmis lineer denklemler i¢in salinim kriterleri

kanitlandi.

Anahtar Kelimeler: Sturm, Leighton, Wirtinger, Damping Terim, Hill Denk-

lemi, Impals.
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CHAPTER 1

INTRODUCTION AND
PRELIMINARIES

1.1 Introduction

Many evolution process are characterized by the fact that they are subject
to short-time perturbation whose duration is negligible in comparison with
the duration of the process. This results in a sudden change of the state
of the process. For example, when a hammer hits a string which is already
oscillating, it experiences a rapid change of velocity; a pendulum of a clock,
meanwhile, undergoes a sudden change of momentum when it crosses its
equilibrium position; and so on.

For the description of the continuous change of such processes, ordinary
differential equations are used, while the short-time perturbations of those
processes are described by sudden changes of their states at certain times. It
becomes, therefore, necessary to study dynamical systems with discontinu-
ous trajectories, or with impulse effect, shortly as they are called, impulsive
differential equations, or sometimes, differential equations with impulse ac-
tions.

In the last a few decades the theory of impulsive differential equa-
tions has been developed very rapidly due to the fact that such equa-
tions find a wide range of applications modelling adequately many real
processes observed in modern technology, engineering, physics and biology,
etc. [2, 49, 56, 67, 68, 69, 72, 74, 86]. Moreover, impulsive differential equa-



tions is richer in applications compared to the corresponding theory of or-
dinary differential equations. Many of the mathematical problems encoun-
tered in the study of impulsive differential equations cannot be treated with
the usual techniques within the standard framework of ordinary differential
equations. Numerous aspects of qualitative theory and the existence and
uniqueness theorems of solutions of impulsive differential equations subject
the initial conditions has been investigated in the monographs of Samoilenko
and Perestjuk [62], Bainov, Lakshmikantham and Simeonov [37], Bainov and
Simeonov [4, 5, 6].

The oscillation theory is one of the directions which initiated the investiga-
tions on the qualitative properties of the differential equations. Its occurrence
started with the classical works of Sturm [66] and Kneser [28, 29], and still
attracts attention of many mathematicians as they find various applications.

The attractiveness of the oscillation theory links rather strongly the oc-
currence of new objects to be investigated. Such fast development can be
observed in studying the oscillatory properties of the impulsive differential
equations. The paper of K. Gopalsamy and B. G. Zhang [12] is the first inves-
tigation on oscillatory properties of impulsive differential equations. In the
last decade D.D. Bainov, M. B. Dimitrova, Yu. I. Domshlak, E. I. Minchev,
J. Yan and P. S. Simeonov have studied the oscillatory properties of var-
ious classes of impulsive differential equations. The book by Bainov and
Simeonov [7] is the only source dealing with the subject.

The classical Sturmian comparison theory of second order ordinary dif-
ferential equations is known to be the basis for study of numerous important
properties of their solutions and, especially, of their oscillatory properties.
The principal improvement in this direction was achieved due to the results
of Sturmian theory (Sturm comparison theorem, oscillation and nonoscilla-
tion theorem, zeros separation theorem, dichotomy theorem) although many
of the more recent investigations (especially for nonlinear equations) are no

more based on this theory. The first investigation on Sturmian theory for sec-



ond order impulsive differential equations was published in 1996, the paper
of Bainov, Domshlak and Simeonov [3](see also [7]).

In this thesis, we investigate Sturmian comparison theory and oscilla-
tion of solutions for second-order impulsive differential equations with fixed
moments of impulse actions. It is shown that impulse actions may greatly
change oscillatory behavior of solutions.

The comparison and oscillation property of solutions of second order equa-
tions is of special interest, and therefore, it has been the subject of many
investigations. The interest in this subject is due to the fact that many
physical systems are modelled by such equations.

The thesis is organized as follows: In chapter 2, besides Sturmian type
comparison results, we also give Leigtonian type comparison theorems and
obtain Wirtinger type inequalities for linear, half-linear and non self-adjoint
equations. We present analogous results for forced super linear and super
half-linear equations with damping. In chapter 3, we work on the oscillation
theory for nonlinear equations. Integral averaging, function averaging tech-
niques as well as interval criteria for oscillation are also discussed. Several
criteria for oscillation of impulsive Hill’s equation with periodic damping and

forced linear equations with damping are established.

1.2 Impulsive Differential Equations

The impulsive differential equations are adequate mathematical models
of processes and phenomena characterized by as continuous as jumpwise
changes of the phase variables describing the processes. The continuous
change is prescribed by the differential equation which can be ordinary one
or partial. The jumpwise change is prescribed by jump conditions which de-
termine the moments and magnitudes of the jumpwise (impulse) change of

some of the phase variables.



In this thesis, it is assumed that

0<0<0y<... and lim 0; = co.

Let n € N, Z C R, and let the sequence {6;} be fixed. We denote by
PLC(T) the space of all functions ¢ : Z — R such that v is continuous for
all t # 0; at which v (¢) is continuous from left and has discontinuity of the
first kind. As usual by PLC"(Z) we mean the space of functions ¢ : Z — R
such that ®) € PLC(T), k=0,1,2,...,n.

For 1p € PLC(T), Av(t)|t=p, denotes the jump at t = 0; € Z, i.e.

AY(6:) = (67) — (67 ),
where

P(07) = lim ¥(6; + h).

h—0+

Note that if v € PLC(Z) and Ay(0;) = 0 for all i € N, then ¢ becomes
continuous and vice versa.

The mathematical model of a real process which experiences certain im-
pulses at fixed moments {6;} could be given by an impulsive differential
equation

r' = f(t,x), t# 05 | (1.1)
Ax = I;(z), t =4, 1eN
where ' = dz/dt. The function x = 9(t) is said to be a solution of the
equation (1.1) on an interval J = (a,b) if ¢ € PLC(J) satisfies

V() = f(E9(), t#0
and
V(OS) —0(0;7) = L(v(;)), 6ied.
An initial condition
z(tg) =x9 or xz(ty) = o, (1.2)

can be associated with equation (1.1). For basic theory of initial value prob-
lems (1.1) and (1.2), we refer to [5, 6, 62].



CHAPTER 2

STURMIAN COMPARISON THEORY

2.1 Introduction

Although numerous aspects of qualitative theory are contained in the
monographs [37, 62], there appears to be less known about the oscillation
theory, especially the Sturmian theory, of impulsive differential equations
when compared to equations without impulses. Therefore, our objective is to
make a contribution to the impulsive differential equations in this direction.
Specifically, we are interested in a Picone’s formula so as to obtain comparison
theorems of Leighton and Sturm-Picone types for second order impulsive
differential equations.

Sturmian type comparison theorems for linear equations without impulse
effect are very classical and well known [16, 18, 70]. However, there is hardly
any result for impulsive equations.

Consider the second order linear ordinary differential equations
l[z] = (k(t)2") + p(t)z = O, (2.1)
Lyl = (m(t)y') + q(t)y =0 (2.2)

where k,p,m,q € C(J), J C R. The classical Sturmian comparison theorem
asserts that, if equation (2.1) has a nontrivial solution z(¢) with two zeros t;
and ty in J, t; < tg, under the assumption that k(t) > m(t) and q(t) > p(t)
for t € [t1, 1], then every nontrivial solution y(t) of equation (2.2) has a zero
in (t1,ts) unless y(¢) is a constant multiple of x(t).

The proof of the well-known Sturm-Picone comparison theorem given by
Picone [59] in 1909 (see also [30, 31, 70, 71]) was based on employing the



Picone’s formula
. b
L (yha' — amy)

— b(k: m)(z')? + (¢ — p)a* +m($——y)
[ y

a

+§ {yllz] — xL[y]}| dt (2.3)

which holds for all real valued functions x and y defined on an interval [a, b|
such that z, y, kx’ and my’ are differentiable on [a, b] and y # 0 for ¢ € [a, b].
The formula (2.3) has also been used for establishing Wirtinger type inequal-
ities for solutions of ordinary differential equations [30, 70], and generalized
to linear non self-adjoint equations [30, p. 11].

Recently, Jaros and Kusano [22] have shown that Picone’s identity (2.3)

can be generalized to the half-linear equations

lalz] = (k(t)pa(2") + p(t)palz) =0, (2.4)
Lalyl = (m()ea(y) + a(t)pa(y) = 0, (2.5)

|s|*"1s and « is a positive constant. The generalized Picone’s

where p,(s) =
identity is written as follows:
2 [kt - pa@men )|}

= [k(t) = pO]]2"[*" + [g(t) = p(O)]2|*T" +m(t) P2, 2y /y)

b o)Ll = valo) Lol } 26)
where
D, (u,v) == upa(u) + ave,(v) — (a4 1) ug,(v). (2.7)

There were several attempts to extend Picone’s formula to nonlinear equa-
tions (see, for instance, [14]). Jaro§, Kusano and Yoshida [23, 24] showed
how Picone’s formula can be used, rather surprising but simple way, to ex-
tend the classical Sturm theory to forced super-linear and super half-linear

equations. In [24], they compared the solutions of (2.4) with those of

(m@)ea(y)) +a()osly) = f(t), B=Za>0 (2.8)



by employing

%{%L(y) [%(y) kpa(z') — o) m%(yf)} } — (k= m)|a |t

+{q|y|ﬁ—a - @L(y) - p} 2 m (o fy). (29)

The first investigation on oscillatory properties of impulsive differential
equations is due by Gopalsamy and Zhang [12]. Later, several investiga-
tions have been done for various classes of impulsive differential equations,
see [3, 8, 12, 17, 50, 63] and references cited therein. As far as the Sturmian
theory is concerned, to the best of our knowledge, the first work has appeared
in the literature in 1996, in which Bainov, Domshlak and Simeonov [3] studied
the Sturmian comparison theory for second order linear impulsive differential

equations of the form

z" +p(t)x =0, t # 0;;

(2.10)
Ax' +p;x =0, t=20,.

They proved theorems on linear dependence, zeros-separation, dichotomy,
oscillation, and nonoscillation of solutions of linear impulsive equations.

In this chapter, we obtain some analogous results in [3]. In Section 2.2,
we deal with linear and half-linear impulsive equations. In Section 2.3, we
obtain some analogous results for non self-adjoint impulsive equations and
in the last section we extend the previous results to forced super half-linear
impulsive equations with damping. Examples are also provided to illustrate

the results.

2.2 Linear and Half-Linear Equations

It is well-known that the Sturmian theory for linear and half-linear differ-
ential equations plays an important role in the study of qualitative behavior

of solutions of both linear and nonlinear equations.



Consider half-linear equations of the form

(k(t)palz") + p(t)palr) =0, t# 0;; (2.11)

A(k(t)pa(z") + pivalr) =0, t=0,. '
and

(m(t)ea(y')) + a(t)pa(y) =0, t # 0;; (2.12)

A(m(t)paly')) + gipaly) =0, t=10;

where « is a positive constant, {p;}, {¢;} and {6;} are real sequences with
0, >ty for some fixed ty € R, and k,m, p,q € PLC|ty, 00) with k(t) > 0 and
m(t) > 0.

Note that the above equations become linear if a = 1.

By a solution x(t) of (2.11) on an interval J C [tg, 00) we mean a nontrivial
continuous function x(¢) defined on .J such that k(t)p.(2') € PLC'(J) and
x(t) satisfies (2.11). A solution y(t) of (2.12) is defined in a similar manner.

The existence and uniqueness of the solutions of (2.4) subject the initial
condition has been investigated by Elbert [11], Kusano and Kitano [32].

The purpose of this section is to obtain some Sturmian type comparison
theorems for both linear and half-linear impulsive differential equations. By
applying the results, several oscillation criteria are also established.

The pioneering works of Elbert [11] and Mirzov [54] showed that there
is a striking similarity between linear and half-linear equations without im-
pulse, showing that many results in the Sturmian comparison and oscillation
theory for linear equations can be carried over almost literatim and verbatim
to half-linear equation, see e.g. [22, 44]. Motivated by this we attempt to
obtain analogous comparison results for second order half-linear impulsive
differential equations.

In order to prove our results, we need the following well-known inequality.

Lemma 2.2.1. [15] Let A,B € R and § > 0 be a constant, then ®g(A, B)
defined by (2.7) satisfies
D5(A,B) >0 (2.13)



where equality holds if and only if A = B.
Our first result is the following Sturm-Picone type comparison theorem.

Theorem 2.2.2 (Sturm-Picone type comparison). Let x(t) be a solution
of (2.11) having two consecutive zeros a and b in J. Suppose that p(t) < q(t)
and m(t) < k(t) are satisfied for all t € [a,b], and that p; < q; for alli € N
for which 6; € [a,b]. If either p(t) # q(t) or k(t) Z m(t) or p; # q;, then any

solution y(t) of (2.12) must have at least one zero in (a,b).

Proof. Assume that y(t) never vanishes on (a,b). Define

x
u(t) == —— |Pa(y)k(t)pa(z) — palz)m(t)pa(y’)|, (2.14)

Pa(y)
where the dependence on ¢ of x and y are suppressed. It is not difficult to

see that

u'(t) = [k(t) — p@)]|2|" + [a(t) — p(®)]|=*"
+m(t) o (¢, 2y y), t#6; (2.15)
Au(t) = (¢ — pi)|z|*, t=0,. (2.16)
The last term of (2.15) is integrable over (a,b) if y(a) # 0 and y(b) # 0.

Moreover, u(at) = u(b”) = 0 in this case. Suppose that y(a*) = 0. The
case y(b~) = 0 is similar. Since y/'(a™) # 0 and

/
lim@: limx—(t)<oo,
t—at y(t) t—a™t y/(t)
we get
t
lim Pa & < 00,
t—at "\ y(t)
and so
lim @, (q:’ xy’/y) = lim [2'p, (7)) + « L Pa - Y oaly)
t—at ’ t—at Yy Y

T

—(a+1)2'ea(y)pa (5)] < o0.



Moreover,

i () = fim o | @) (0) - (00 (©) eals)] =0

t—at t—a™t Yy

Integrating (2.15) from a to b and using (2.16), we see that
b
0= [~ @l + 10 - pieer Ja
b
+/ m(t)®q (¢, zy' Jy)dt + Z (qi — pi)|x(0;)]“T. (2.17)

a<6;<b
It is clear that (2.17) is not possible under our assumptions and Lemma 2.2.1

with u = 2’ and v = xy'/y, and hence y(t) must have a zero in (a,b). O

Corollary 2.2.3. The zeros of two linearly independent solutions x(t) and
y(t) of (2.11) separate each other.

Proof. Let a and b be two consecutive zeros of z(t). Assume that y(¢) never

vanishes on (a,b). Then, in view of (2.17), we see that

0 —/ k(t) ®o (2!, 2y y) dt. (2.18)

Since z(t) and y(t) are linearly independent, (2.18) leads to a contradiction
due to Lemma 2.2.1. Therefore y(¢) must have a zero in (a,b). Moreover,
y(t) cannot have more than one zero in (a, b) as a and b are consecutive zeros

of z(t). O

Definition 2.2.4. A nontrivial function (t) is called oscillatory if it has ar-
bitrarily large zeros. Otherwise, £(t) is said to be nonoscillatory. A nonoscil-
latory function is either eventually positive or eventually negative, i.e. there
exists a t* € R such that £(t) # 0 for all t > t*. A differential equation is
called oscillatory if every solution of the equation is oscillatory and nonoscil-

latory if it has at least one nonoscillatory solution.

10



Corollary 2.2.5. Suppose that p(t) < q(t) and m(t) < k(t) are satisfied for
all t € [t,,00) for some t. > to, and that p; < q; for all i € N for which
0; > t.. If either p(t) # q(t) or k(t) Z m(t) or p; # q;, then every solution
y(t) of (2.12) is oscillatory whenever a solution x(t) of (2.11) is oscillatory.

Corollary 2.2.6. The solutions of (2.11) are either all oscillatory or all

nonoscillatory.

Theorem 2.2.7 (Leighton-type comparison). Let z(t) be a solution of

(2.11) having two consecutive zeros a and b in J. Suppose that

Volo] = / {[k(t) —m(t)]]’ ()" + [a(t) — p(t)]|x(t)|a+1}dt

+ Z —pg)|x(0:)]*T > 0.

a<6;<b

Then any nontrivial solution y(t) of (2.12) must have at least one zero in
(a,b).

Proof. Assume that y(t) has no zero in (a,b). Define the function u(t) as in
(2.14). Clearly, (2.15) and (2.16) hold. It follows that

0= u(b_) — u(a+)
= [ {0 =m0 + o) - seiator fa

/m («', 2y’ Jy)dt + Z (g — pi)|x (6],

a<6;<b
and that
/ m(t) @, (2', 2y’ Jy) dt <0,
which is a contradiction. Therefore, y(t) must have a zero on (a, b). O

If V,,[x] > 0 then we may conclude that either y(¢) has a zero in (a,b) or
y(t) is a constant multiple of z(¢). As a consequence of Theorem 2.2.2 and

Theorem 2.2.7, we have the following oscillation result.

11



Corollary 2.2.8. Suppose for a given T' > t, there exists an interval (a,b) C
[T, 00) for which either the conditions of Theorem 2.2.2 or Theorem 2.2.7 are
satisfied, then every solution y(t) of (2.12) is oscillatory.

Example 2.2.9. Consider

2" —a’r =0, t # 2:, (i € N) (2.19)
Az’ +2acoth (a/2)z =0, t=1

where a > 0 is a fixed real number. It is not difficult to see that z(t) = x;(¢),
() = EUT painn _ gation 1
zi(t) = . {e e }, te(i—1,1,
ea —
is a solution defined on [1/2,00). Clearly, this solution is oscillatory with
zeros at t; = (2i — 1)/2, i € N. From Corollary 2.2.6, we may conclude that
all solutions of (2.19) are oscillatory. Applying Theorem 2.2.2 we deduce that

if there exists an ng € N such that

0<m(t) <1, q(t) > —a?, ¢; > 2acoth (a/2)

for all t > ng, and all i > ng, where a is any positive real number, then (2.12)

with o = 1 and 6; = i is oscillatory.

The lemma below, cf. [3, Lemma 1], provides more choices of test equa-

tions which can be used for comparison purposes.

Lemma 2.2.10. Let 1 be a positive and continuous function for t > a with
Y’ € PLCa,00), where a is a fized real number, and k € PLC?a,00). Then

the function x(t) = m sin </t¢(s)ds) is a solution of

(k(t)x") + p(t)x =0, t#6;, (ieN)
Ak(t)x' + px =0, t=06;

8 sl o358

Qﬂ(@i)A/{Z,(@i) + /{?(QZ)A#/(QZ)} .

(2.20)

where

12



o0

It is obvious that if / Y(t) dt = oo then x(t) is oscillatory.

By choosing speciﬁc functions, we may obtain several oscillation criteria
for equation (2.12) with oo = 1.
21 —1
i(i+1)

Example 2.2.11. Let k(t) = t*/4, ¥(t) =
We see that

i—1<t<i, (i€N).

is an oscillatory solution of

N 2i—t\> 3/ 1 \? y
(th)+t2[(i(i+1)> _Z(zz'—t>}x:0’ L# 4

At2/ ¢
() +

x =0, t=1.

In view of Theorem 2.2.2 we easily see that every solution of (2.12) with

a =1 and 6; = 7 is oscillatory if there exists an ng € N such that

2i—t\° 3/ 1 \? i
i(i+1) 4\2i—t i+ 2

for all t € (i — 1,4] and i > ny.

m(t) <2 q(t) > 2

The generalized sine function S(¢) is defined [11] as the unique solution
of
(|'|* ) + aful*tu =0, u(0) =0, «'(0)=1,

where o > 0 is a fixed real number. We note that the generalized cosine
function C(t) is then defined by C(t) = S’(t), and the generalized tangent

function T'(t) becomes

S(®)

T 27T . T
T = — —_— = .
(1) c) t# 5 (mod ), Ta a+1/sma+1

Lemma 2.2.12. Let 1) be a positive and continuous function defined fort > a
with ' € PLC'[a,00), where a is a fived real number. If lim;_, 1(t) = oo,

13



then z(t) = S{y?(t)}, with 3 = a/(a + 1), is an oscillatory solution of
(2.11) where

k(1) = 0P(8),

=« a+1l ) —f/a / o¢+1_a a’wl(t)‘a_lw”(t)
p(t) = a B (1) | (1) g
L Ap(6)
Pi= B (0P (6))

The proof of the above Lemma can be accomplished by a direct substi-

tution. Using Lemma 2.2.12, we obtain the following particular case.
Example 2.2.13. Let & = 2272 — 1)!?/(2i — 1)! for i € N. Consider
((t+0)° & @al@)) + ot (¢ +0) 1 o (x) = 0, t#1;

Al(t+0) 617 pule) + (FE)" G e () =0, e

where 8 = a(a+1)7'. Clearly 9 (t) = (t +i)& and so by Lemma 2.2.12,
z(t) =95 {(t +4)P 5?} is an oscillatory solution.
Applying Theorem 2.2.2 we easily see that every solution of (2.12) with

0; = 1 is oscillatory if there exists an ng € N such that for all i > ng,

m(t) < (t+i)7¢), te(i—1,i,

q(t) > o BoFL ( + )~ Ble Plot?) te(i—1,i,
A \a (20 + 1)™ — (24)~

2 P8 B e pa T (@i 6)))

As in the classical case we may employ the Sturmian comparison theory to

establish sufficient conditions for oscillation of second order nonlinear impul-

sive equations of the form
(m(t)pa(a)) + f(t,2,2')
A(m(t)(pa<x/)) + fz(xa l’l) =
where f(t,u,v) and f;(u,v), i € N, are real valued continuous functions

defined for all t >ty > 0 and for all for all (u,v) € R? m, p,, and {6;} are

as previously defined.

’ 7 (2.21)
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Theorem 2.2.14. Suppose that

(E()pa(y)) +a(t)pa(y)
A(k(t)QOOc(y/)) + G Sﬁa(y) =

is oscillatory. If k(t) > m(t) and
a(u) f(tu,v) > q(t) pa(u),  @alu) filu,v) > g5 05(u) (2.23)

for all t > to and for all (u,v) € R?, then every solution of (2.21) is also

oscillatory.

(2.22)

) tzez

Proof. Let us assume on the contrary that there exists a nonoscillatory solu-
tion w(t) of (2.21) while every solution of (2.22) is oscillatory. Consider the

impulsive system

(m(t)ea(y)) + p(t)pa(y) =0, t # 0;; (2.24)
A(m(t)pa(y')) + piwaly) =0, t =0
where
_f(tw(t),w'(t)) _ filw(8:),w'(6:))
M= W) P T pawi®)

Clearly, w(t) is also solution of (2.24). Let x(t) be a solution of (2.22) such
that x(a) = z(b) = 0 and z(t) > 0 for all t € (a,b), where a > t, is sufficiently
large. Since m(t) < k(t) by our hypothesis and ¢(t) < p(t) for t > t,, and
¢; < p; for all i € N for which 6; > t, by (2.23), we may apply Theorem 2.2.2

to deduce that w(t) must have a zero in (a, b), which is a contradiction. [

If « =1 and k(t) = 1 then the above result reduces to Theorem 13 in
3]

2.3 Non-Selfadjoint Equations

Consider the second order linear impulsive differential equations of the
form
l[z] = (k(t)z')' + r(t)2" + p(t)z = 0, t # 0i;

(2.25)
lola] = A(k(t)2!) + psz = 0, t=0,

15



and

Lly] = (m(#t)y") + s(t)y’ + q(t)y =0, t#6;;

(2.26)
Loly] = A(m(t)y') + qiy =0, t=0;,

where {p;}, {¢:} and {6;} are real sequences with 6; > ¢, for some fixed
to € R, and that k, m, r, s, p, ¢ € PLC(I) with k(t) > 0 and m(t) > 0 for
all t € I C [tg, 00).

By a solution of (2.25) on an interval I we mean a nontrivial continuous
function x(t) defined on I such that 2’ € PLC(I), kx' € PLC'(I), and x(t)
satisfies (2.25). It is not difficult to see that such solutions exist.

In this section, our purpose is to modify (2.3) and thereby extend the
results in [30] to linear impulsive differential equations with damping and
also generalize some of the results given in [3]. In particular, we establish a
Wirtinger type inequality and a Leighton type comparison theorem together
with some oscillation criteria for linear non-selfadjoint equations.

Let Iy be a nondegenerate subinterval of I. In what follows we shall make

use of the following condition:
k(t) # m(t) whenever r(t) # s(t), t e ly. (H)

It is well known that condition (H) is crucial in obtaining a Picone’s formula
in the case when impulses are absent. If (H) fails to hold then Wirtinger,
Leighton, and Sturm-Picone type results require employing a so called ”de-
vice of Picard”. We will show how this is possible for impulsive differential
equations as well.

Let (H) be satisfied. Suppose that x and y are continuous functions
defined on Iy such that ',y € PLC(Iy) and ka',my’ € PLC'(Iy). These
simply mean that x and y are in the domain of [,y and L, Lg, respectively.
If y(t) # 0 for any ¢ € Iy, then we may define

w(t) = —= [y(Okt)x'(t) — x(t)m(t)y'(t)] for t € L.

16



For clarity we suppress the variable ¢t. Clearly,

/

"= (k—m)(2")? o) m = S22
w' = (k—m)(@)” + (¢ — p)z” + m( yy)+ y
+§ {yllz] — xL[y]}, t # 0;; (2.27)
Aw =z {lp[x] — pix} — %2 {Loly] — qiy}, t=0,. (2.28)

In view of (2.25) and (2.26) it is not difficult to see, cf.[30], from (2.27) and
(2.28) that
/ /
w = (k—m)(@)?+ (¢ —p)a* +m(z — ﬂ)2 — sz(a’ — ﬁ)
Y )
+ (s —r)za’ + 3 {yllx] — xL[y]}, t+#06;

- {Q—p—%—%}xQJr(k_m){x/Jrﬁx}z

+ %(m’y —ay — % xy) + g {yl[z] — xL[y]}, t#6; (2.29)
and
M= (g5 = po) #* - {ybla] = sLolyl}, £ =6; (2.30)

Employing the identity

B
w(ﬂ)—w(a):/ w'(t)ydt+ Y Aw(b;),

a<0;<8

we easily obtain the following Picone’s formula.

Theorem 2.3.1 (Picone’s formula). Let (H) be satisfied. Suppose that x
and y are continuous functions defined on Iy such that x';y" € PLC(1y) and

17



k', my € PLC(Iy). If y(t) # 0 for any t € Iy, and |, 5] C Iy then

(k- m){:c’ + ﬁ :13}2 +§(z’y —ay — % xy)2 (2.31)

- {yl[x]—:vL[y]}}dH 3 [<qi—pi> x2+§{yzo[x1—xLo[y]}}

a< ;<8
In a similar manner we derive a Wirtinger type inequality.

Theorem 2.3.2 (Wirtinger type inequality). If there ezists a solution
x of (2.25) such that x # 0 on (a,b), then

b Lo 2

a<6;<b

where
Q. = {n € Cla,b] : ry’ € PLC[a,b], kn' € PLC [a,b], n(a) =n(b) = 0}.

Proof. Let x be a solution of (2.25) such that z(¢) # 0 for any ¢ € (a,b).
Setting m = k, ¢ = p, s = r, and ¢; = p;, replacing = by n and y by x in
(2.27) and (2.28) we see that

/

w =k = L) b i), t #0;
X x
2
_ AV . T_ 2 ! ﬁ lo I LIRS .
= (k) + (p = )w* + o + (e —na' = 5=)° t 0 (233)
and
Aw =n{A(kn) +pm},  t=0;, (2.34)

It is clear that if z(a™) # 0 and x(b~) # 0, then the last term in (2.33) is
integrable over (a,b). If x(a®) = 0, then since 2'(a™) # 0 (otherwise, we
have only the trivial solution) it follows that

e — a0 ) OO\ e @t
i { ORI T} = et - MGlE ) <o

t—a™t

18



The same argument applies if (b~) = 0. Thus, the last term in (2.33) is

integrable on (a, b).

We now claim that w(a™) = w(b~) = 0. Let us consider w(a®) = 0. The

case w(b~) = 0 is similar. If z(a™) # 0, then we certainly have w(a®) = 0.

In case z(at) = 0, it follows from

/
lim @: lim n() < 00
t—at .Clj(t) t—at .’Il(t)

that

w(a®) = lim ﬂ{k:(t)n’(t)m(t) — k(t)n(t)a:’(t)} = 0.

t—at $( )

t
Integrating (2.33) over (a,b) and using (2.34) we see that

b b 2
/ n(kn') dt + / {(p — E) n* + Tnn'}dt

b 2
k() , 3 / _
/a 2 {W T ok ”x} at HART) +pank =0

a<6;<b
Applying the integration by parts formula to the first integral leads to

bk r 2
W[n]:—/ ) {n’x—nm’—ﬂnx} dt < 0.

]

As a corollary we have the following criterion on the existence of a zero of

a solution of (2.25). This result may be considered as an extension of Lemma

1.3 in [70].

Corollary 2.3.3. If there exists an n € Qi such that Wn|] > 0 then every

solution x of (2.25) has a zero in (a,b).

As an immediate consequence of Corollary 2.3.3, we have the following

oscillation result.
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Corollary 2.3.4. Suppose for any given t; > to there exists an interval
(a,b) C [t1,00) and a function n € Q. for which Wn] > 0, then (2.25) is

oscillatory.

Next, we provide a Leighton type comparison result between nontrivial
solutions of (2.25) and (2.26), which may be considered as an extension of

the classical comparison theorem of Leighton [38, Corollary 1].

Theorem 2.3.5 (Leighton type comparison). Suppose that there ezists
a solution x € Q. of (2.25). If (H) is satisfied with (a,b) C Iy and

Llz] iZ/ab{{q—p—ﬁk_—%—%]ﬁJr(k—m){x’Jrﬁxr}dt
+ > (g—p)a® >0, (2.35)

a<6;<b

then every solution y of (2.26) must have at least one zero in (a,b).

Proof. Let & = a+¢and f=b—¢ € I. Since x and y are solutions of (2.25)
and (2.26) respectively, we have [[x] = [y[z] = Lly] = Lo[y] = 0. Employing

Picone’s formula (2.31) we see that

I (R =
(k- m){x’ n ﬁ x}2 + %{x’y _ay — % xy}j dt

+ Y (a—p)a” (2.36)

at+e< 0;<b—e

T

y (ykz' — xmy’)

As in the proof of Theorem 2.3.2, the functions under integral sign are all
integrable and regardless of the values of y(a) or y(b), left-hand side of (2.36)

tends to zero as € — 0F. Clearly (2.36) results in
L[z] <0,

a contradiction to (2.35). O
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Corollary 2.3.6 (Sturm-Picone type comparison). Let x be a solution

of (2.25) having two consecutive zeros a,b € Iy. Suppose (H) holds, and

k> m, (2.37)
(s —r)? 52
> - — 2.
q_p+4(k—m)+4m (2.38)
for allt € [a,b], and
¢ = pi (2.39)

for all i € N for which 6; € [a,b].
If either (2.37) or (2.38) is strict in a subinterval of [a,b] or (2.39) is
strict for some i € N, then every solution y of (2.26) must have at least one

zero on (a,b).
We note that, if there is no impulse then we recover Theorem 2.1 in [30].

Corollary 2.3.7. Suppose that conditions (2.37)-(2.38) are satisfied for all
t € [ti,0) for some integer t, > to, and that (2.39) is satisfied for all i € N
for which 6; > t.. If one of the inequalities (2.37)—(2.39) is strict then (2.26)

is oscillatory whenever any solution x of (2.25) is oscillatory.

As a consequence of Theorem 2.3.5 and Corollary 2.3.6, we have the

following oscillation result.

Corollary 2.3.8. Suppose for any given t; > ty there exists an interval
(a,b) C [t1,00) for which either the conditions of Theorem 2.5.5 or Corollary
2.3.6 are satisfied, then (2.26) is oscillatory.

If (H) does not hold, we introduce a setting which is based on a device of
Picard [58] (see also [30, p. 12]) and leads to different versions of Corollary
2.3.6. Indeed, for any h € PLC'(I) we have

% (2%h) = 2za’h + 2°K', t #06;.
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Let
vi=" (yka' — amy') + 2*h, tel.
)

It follows that

_ 2 2 . 2

Ak —m)  4m 2(k —m)
2
Ny —ay — ay b, t# 6
y? 2m
Av = (¢ — p;) 2° + 2> Ah, t =20,

Assuming that 7,5 € PLC'(I), the choice of h = (r — 5)/2 yields

I 2
v/:(l{:—m)(x’)2+{q—p—8 L —S—}x2

2 dm
2
+m2{x’y—xy’— ixy} , t# 0;;
Y 2m
1
Av:{qi—pi—ﬁ(As—Ar)} 22, t=0;.

Then, we have the following result.

Theorem 2.3.9 (A Device of Picard). Let r,5s € PLC'(I) and = be a

solution of (2.25) having two consecutive zeros a and b in I. Suppose that

k> m, (2.40)
>pt i — )+ S (2.41)
1=PT5 am '

are satisfied for allt € |a,b], and that
1
¢ = pi + 5 (As — Ar) (2.42)

for all i € N for which 6; € [a,b].
If either (2.40) or (2.41) is strict in a subinterval of [a,b] or (2.42) is
strict for some i, then any solution y of (2.26) must have at least one zero

in (a,b).
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Corollary 2.3.10. Suppose that (2.40)-(2.41) are satisfied for allt € [t,, 00)
for some integer t, > to, and that (2.42) is satisfied for all i € N for which
0; > t,. If r,s € PLCt,,00) and one of the inequalities (2.40)-(2.42) is
strict, then (2.26) is oscillatory whenever any solution x of (2.25) is oscilla-

tory.

As a consequence of Theorem 2.3.9, we have the following Leighton type

comparison result which is analogous to Theorem 2.3.5.

Theorem 2.3.11 (Leighton type comparison). Let r,s € PLC'[a,b]. If
there exists a solution x € Q. of (2.25) such that

o= [ k=m0 [o-p— g =0 - e
+ ) { pl——(As—Ar)}x2>O,

a<0;<b

then every solution y of (2.26) must have at least one zero in (a,b).

As a consequence of Theorem 2.3.9 and Theorem 2.3.11, we have the

following oscillation result.

Corollary 2.3.12. Suppose for any given t, > to there exists an interval
(a,b) C [t1,00) for which either the conditions of Theorem 2.3.9 or Theorem
2.3.11 are satisfied, then (2.26) is oscillatory.

Moreover, it is possible to obtain results for (2.26) analogous to Theorem
2.3.2 and Corollary 2.3.3.

Theorem 2.3.13 (Wirtinger type inequality). If there exists a solution
y of (2.26) such that y # 0 on (a,b), then for s € PLC [a,b] and for all
NSRS

Win] := /j{(cz—%—%)nQ—m(n')Q}dtwL >y (%—%As) n® < 0.
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Corollary 2.3.14. If there exists an n € Q,, with s € PLC'[a,b] such that
WIn| > 0 then every solution y of (2.26) must have at least one zero in (a,b).

As an immediate consequence of Corollary 2.3.14, we have the following

oscillation result.

Corollary 2.3.15. Suppose for any given ty > to there exists an interval
(a,b) C [t1,00) and a function n € Qg with s € PLCY(I) for which W[y >
0, then (2.26) is oscillatory.

Example 2.3.16. Consider

1" —2cx’ + *x =0, t#1i, (ieN)

2.43
Az’ 4+ 2(1 4 cothe)z =0, t=1 (243)

where ¢ is a fived real number. It is easy to verify that x(t) = x;(t), where
zi(t) = (1) eI L (e 1) (i —t) -1},  te(i—Li, (ieN)

is a continuous solution of (2.43). Clearly, this solution is oscillatory with

zeros at t; =i — (e“+1)7!, i € N.

Note that if the impulse conditions are dropped then the equation has no
oscillatory solution.
Applying Corollary 2.3.7 and Corollary 2.3.10 we get the following oscil-

lation criteria (a) and (b), respectively.

(a) If there exists an ny € N such that

k(?)

~
| /\

I\//\

k(t) whenever 7(t) # —2c,
L) +20* ()
POz o T )
pi > 2(1 + cothe)

for all ¢ > nyg, and for all i > ng, then (2.25) with 6; = 7 is oscillatory.
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(b) If there exists an ny € N such that

1
pi > 2(1+ cothe) + 3 Ar(7)
for all ¢ > nyg, and for all i > ng, then (2.25) with 6; = 7 is oscillatory.
The lemma below, cf. [3, Lemma 1.] can be proved directly.

Lemma 2.3.17. Let @ be a positive and continuous function for t > a
with 1)) € PLCa,00), where a is a fived real number. Suppose that
k € PLC*[a,00) and r € PLC[a,00). Then the function

2(t) = m exp (— %/t %%) sin (/at¢<s)ds), > a (2.44)

is a solution of (2.25) where
bit) = 5 {k”<t> () + (1) ’Z(f)) o (%)} _{F@ )
¢//(t) 2 § @D/(t) 2
+k(t) {2¢(t) + () - 5 (w@) }
1 "n. , " 1 (0, .,
= 500 [@i(ei)Ak (0;) + k(6;) A (92)} +5 Ar(6), 6>
It is obvious that if / (t) dt = oo then x(t) defined in (2.44) is oscillatory.

Di

Clearly, Lemma 9.3.17 can be used to derive general oscillation criteria
for (2.25). We prefer, however, to establish more concrete oscillation criteria
by making use of the following particular cases of Lemma 2.3.17.

21—t
Example 2.3.18. Let k(t) = t*/4, r(t) = —t/4 and ¢(t) = 2(;4— 1)’ ’

t <i, 1€ N. In view of Lemma 2.3.17, we see that x(t) = x;(t), where

xi(w:\/ﬁsin(/jws)ds), te(i—14 (ieN)

-1<
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1s an oscillatory solution of

(t%’)’—tx’j.u{tﬂ(i?,;;f))l% (22_1_t>2] —i} x=0,t€ (i—1,1i),

A(t?z)) + z =0, t=1, (i€N).

142

Example 2.3.19. Let k(t) = &2(t+1)%, r(t) = —&(t+i) and (1) =
1—1<t<i,i€eN, where

2%-2(j — 1)1?

@i = 1) for ieN.

&=

In view of Lemma 2.3.17, we see that x(t) = x;(t), where

)s,ln(/¢ ) Fe(i—1,

= e wwem(%l

1s an oscillatory solution of

(Et+i)d) — &t + i)’ + {(t +1)° Kfj;f))Q

3/ 1 N\ 11, . .
Z<2Zt>l1}§zx07 tE<Z_17Z)7
—
At +i)2) + — 25 =0, t=1.

(i+2)(2 + 1)

In view of the above examples, by applying Corollary 2.3.7 and Corol-
lary 2.3.10 we easily see that (2.25) with §; = i is oscillatory if there exists
an ng € N such that, for each fixed i > ng and for all ¢ € (i — 1,4], any one
of the following conditions (a)—(d) holds:

(a)  k(t) <t*; k(t) <t® whenever r(t)# —t;

el () -3 |
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Pi = ) +3 Ar(i)
(¢) k(t) <&E(t+14)? k() <&(t+i)* whenever r(t) # —&(t+1)
oWl 2=t N\ 3/ 1\ 1.,
p@)>§Aﬁ+”J(xm+D) _Z(%—¢)1'_Zi
ri+&+ay @)
At +1)> —k(t)}  4k(t)

—(14+2)(2i+1)
(d) K(t) < &(t+i)%

2o (Tn) - 1(mm) [ 1e 4 iy

> e LA
Py y@irn s T2 '

Consider the nonlinear impulsive equations of the form

(m(t)2") +s(t)z' + f(t,z,2") =0, t # 6;;

(2.45)
A(m(t)2') + fi(z,2") =0, t=20;

where f(t,u,v) and f;j(u,v), i € N, are real-valued continuous functions
defined for all ¢ > t, > 0 and for all (u,v) € R? m, s, and {6;} are as
previously defined. It is tacitly assumed that there exist solutions of (2.45)
which are continuous and defined for all ¢t > t, satisfying sup{|z(t)|, t >
T} > 0 for all T > tq. This last condition simply means that the solutions
are nontrivial in the neighborhood of occ.

The following oscillation criteria can be easily established, cf [3].

Theorem 2.3.20. Suppose that (H) holds, k(t) > m(t), and
) —

[s(t) —r@®)*  $*@)
u f(t,u,v) > {p(t) ATk (t) — m(t)] + 4m(t) }U ’ (2.46)
u fi(u,v) > p;u®
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for all t > to and for all (u,v) € R% If (2.25) is oscillatory, then so is
(2.45).

Proof. Let us assume on the contrary that there exists a nonoscillatory solu-
tion w(t) of (2.45) while every solution of (2.25) is oscillatory. Consider the

linear impulsive system

(m(t)2") + s(t)z' 4+ q(t)z = 0, t £ 0;; (2.47)
A(m(t)z')+ ¢z =0, t=106;
where
[ w(),w'(t)) _ filw(6:),w'(6:))
T T ey

Clearly, w(t) is also solution of (2.47). Let x(t) be an oscillatory solution
of (2.25) such that z(a) = z(b) = 0 and z(¢) > 0 for all t € (a,b). Since
m(t) < k(t) by our hypothesis and

[s(t) —r(®)> | s*()
Ak(t) —m®)] " am(t)

q(t) > p(t) +

for t > a, and ¢; > p; for all ¢ € N for which 6; > a by (2.46), we may apply
Corollary 2.3.6 to deduce that w(t) must have a zero in (a,b), which is a

contradiction. ]

Alternatively, if (H) fails but r,s € PLC[ty,00), then as an application

of Theorem 2.3.9 we have the following result.
Theorem 2.3.21. Suppose that r,s € PLC [ty, 00), k(t) > m(t), and

u?,

N——

it o) = {pot 5 [As(6) - Ar@)] | o2

for all t > to and for all (u,v) € R2. If (2.25) is oscillatory, then so is
(2.45).
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2.4 Super Half-Linear Equations

Consider the forced second order super half-linear impulsive differential

equation of the form

(m(t)eay)) + st)pay’) + q(t)ps(y) = f(1), t#6;,
A(m(t)ea(y)) + aivs(y) = fi, t =0,

where o and (3 are real constants with > «a > 0. Further we assume that

(2.48)

(1) {a@}, {f:} and {6;} are real sequences with 0; > t, for some fixed
ty € R;

(ii) m,s,q, f € PLC[ty,00); m(t) > 0.

By a solution of (2.48), we mean a continuous function y(¢) defined on [ty, 00)
such that y, me.(y) € PLC ty,00) and (2.48) is fulfilled for all ¢ > .
Existence of such solutions can be proved in a similar manner performed for
equations without impulse effect [11].

In [24], some oscillation criteria about equation (2.8) are given and the
results improve and extend those in [23, 55]. In 2004, W. Tong Li [45]
obtained several interval oscillation criteria by use of Riccati techniques for

the equation

(mt)ea(y)) +st)ealy) +at)esly) = f(t), B>a>0. (2.49)

The case a =1, > 1 and s(t) = 0, has been studied by Nasr [55] by using
the technique duo to El-Sayed [10]. Recently, Jaros, Kusano and Yoshida [23]
studied the same equation by using Picone’s formula which improves the
results of Nasr [55].

Theorem 2.4.1. Suppose that for any given t, > tgo, there exist intervals
I = [ay,b1], Ir = [ag, bsl, t. < ay < by < as < by, such that

(A) q(t) >0 forallt € {I; UL} \{6;} and ¢; > 0 for all i € N for which
Qi el U Ig,'
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for all i€ N.

®) f<t){§o, teL\{6} i{go, 0; € I

>0, tel\ {6} >0, ;€1
If there exists n € D(aj,b;) = {z € CY(I;) : 2(t) £ 0,z(a;) = z(b;) = 0},
7 =1,2, such that

b;
Wosln: I.] = Flnlett —mly — — > ot L
s[n; 1] /aj {q|?7! m|n (oz—i—l)mn‘
+ > Gt =0, (2.50)
CLjS975<bj

for 5 =1,2, where

(1) = Fom*7(5 = o) ()] | (0] 7,
G =Ba (B —q)eRB [qi]“/ﬁ | f;| (BB

with the convention that 0° = 1, then all solutions of (2.48) are oscillatory.

Proof. Suppose that y is a nonoscillatory solution of (2.48) which is eventu-
ally positive, say y(t) > 0 when ¢ € [t*, 00) for some t* > t, depending on
the solution y. By assumption, we can choose a;,b; > t* so that f(¢) < 0 on
L\ {0;} and f; <0 for 0; € I, with a; < b;.
Define
ma(y')

e Ya(y) I

where the dependence of ¢ of the functions are suppressed. It follows from
equation (2.48) that v(t) satisfies the pair of identities

B—a f :| a+l1 .
+[q|y| e LA

|t for tel

/

B ‘ny
1% = aoam|—-

Y

S ny/ B—a |f‘ a+1
= mo, n’——n,—)+[qy + = n
( arom™y ) T e
/ S 0(—‘1-1
—mly - —2 t 6, 92,51
m|n (a+1)m77\ : # (2.51)
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A= 7 A ) = {qzwyw-a - L} n t— b
©aly) ©a(y)
= {qilylﬁ‘“ + g—ll} |t t=0;. (2.52)

Define the function G(u) : RT — R*
G(u) = Mu”" "+ —, A2 20, f>a>0,
u® ’
and observe that

min G(u) = fa~ 0B — a) @ O/B )P NP7, (2.53)

u>0

Taking the nonnegativity of ¢(t) and ¢; into account, and considering the
expressions in brackets on the right-hand sides of (2.51) and (2.52) as the
functions of y(t) and y(0;) respectively, (2.53) yields

/ > ~ a+1_ I S a+1
Vo> gl m|n —(a+1>mn\
s ny'
oI (7 — LA t 0, 2.54
+m (77 axm” y) # (2.54)
Av > g n|*tt, t=0;. (2.55)

Integrating (2.54) over I; and using (2.55), we see that

b , s ny'
0> Wasln: L] + O (0 — —2—n, L) ar. 2.56
> Wagln; 1] /alm (n @rDm” y) (2.56)

Since Wog[n; I1] > 0, (2.56) yields

/ / S
ny ny (Oé 1)m ny on 1

Since y(t) > 0, it follows that

C L /tsd I
= ex e — aT on
n 0y P O[—f-]_ m 1,
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for some constant Cy. Since n € D(ay,b;) and n # 0, this is incompatible to
the fact that y(¢) > 0 on I.

When y(t) is eventually negative, we use n € D(ag,b) and f(t) > 0
on Iy \ {6;} and f; > 0 for 6; € I, to reach a similar contradiction. This

contradiction proves that y(¢) must be oscillatory. The proof is complete. [

Note that, if s(t) = 0 and ¢; = f; = 0 with a = § > 0, then we recover
the results in [46].

Next, we prove the following result.

Theorem 2.4.2. Let x(t) be an oscillatory solution of (2.11) with zeros at
{t,}, lim,, o t,, = 00. Suppose that for any given t, > to, there exist intervals
I = [tn,, tm,], Io = [tny, tmy] C [te, 00) on which (A)-(B) hold.

If

tmy
/ {(k )+ (G p) |a:ra+1}dt
tnj

+ Z (@ — pi) x> >0, (2.57)

tnj §9i<tmj
for j = 1,2, then all solutions of (2.48) with s(t) =0 are oscillatory.

Proof. Suppose that y is a nonoscillatory solution of (2.48) which is eventu-
ally positive, say y(t) > 0 when ¢ € [t*, 00) for some t* > t, depending on
the solution y. By assumption, I; C [t*,00) so that f(t) < 0on I; \ {6;} and
£, <0for 0, € I.

Define
x
wlt)i= s [oali) bnle!) = pala)mals)| for e n
Pal(y)
For abbreviation we secrete the variable ¢. Clearly
W = (k} _ m)‘x/|a+l + {q|y‘ﬂa + %} |x|a+1 —p‘:c|a+1

y «
+ me (2 fy),  t#0; (2.58)
Aw = [qi|y|ﬂ_a + %} |z|* — pi |z|*TE, t =0, (2.59)

y «
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In the view of (2.53), it is not difficult to see from (2.58) and (2.59) that

w > (k—m)|2'|*T + (7 —p) |z|*T + m Py (2, 2y [y), t #0;; (2.60)

and
Aw > (G —pi) |=[*M,  t =0, (2.61)

Integrating (2.60) over I; and using (2.61) and (2.57), we get
tmy
/ m®, (2, 2y Jy)dt <0 (2.62)
tny

which yields ®,(2', zy//y) = 0 on I;. Since y(t) > 0, it follows that x = Cy y
on I, for some constant Cy. This is incompatible with the fact that y(¢) > 0
on I;.

When y(t) is eventually negative, we choose the interval I, C [T, 00) for
some T > t, so that f(t) > 0 on I\ {0;} and f; > 0 for 6; € I, to reach a
similar contradiction. This contradiction proves that y(t) must be oscillatory.

The proof is complete. 0

Note that if there is no impulse effect, we recover the results in [23]
and [24].

Theorem 2.4.2 does not work when s(t) # 0. However, it is possible to
obtain analogous results for the equation (2.48) if « = 1. The first one will

be obtained by comparing the solutions of equation

(m(t)y') +s(t)y + q(t)es(y) = f(t), t#0;,

f (2.63)
Amt)y') + a4 s(y) = fis t=0,

B > 1, and those of non self-adjoint equation (2.25).

The following comparison result can be considered as an extension of the
results in [1, pp. 358], [3, Corollary 1] , [23, Theorem 2|, [30, pp. 12].
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Theorem 2.4.3. Let x(t) be an oscillatory solution of (2.25) with zeros at
{t,}, lim,, o t,, = 00. Suppose that for any given t, > to, there exist intervals
I = [tn,, tm,], Io = [tny, tmy] C [te, 00) on which (A)-(B) hold.

If (H) is satisfied and

R = DRl =R BT

+ Y @-p)a®>0 (2.64)

t'nj §9i<tmj
for j = 1,2, then all solutions of (2.63) are oscillatory.

Proof. Suppose that y is a nonoscillatory solution of (2.48) which is eventu-
ally positive, say y(t) > 0 when ¢ € [t*, 00) for some t* > t, depending on
the solution y. By assumption, we can choose I} C [t*,00) so that f(t) <0
on I1 \ {6;} and f; <0 for 6; € I.

Define
x(t) : :
p(t) :== o) y(Okx'(t) — x(t)my'(t) p for te .
For abbreviation we secrete the variable t. Clearly
o B—1 /] 2 2 _ "2 1T N2
po=lalv| sl R + (k —m)(@')" +m(z gy)
/
v rax t #0;; (2.65)
Y
Ap = [ql-|y\ﬂ1 + %1 r® — p;a?, t =0 (2.66)
Y

In the view of (2.53), it is not difficult to see, cf.[30], from (2.65) and (2.66)
that

s | (s—r)? s , L 5= 1

2 T ) e [ ]
2

+E<x’y—wy’—%fvy), t # 0;; (2.67)
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and
Ap > (G — pi) 2%, t=0;. (2.68)

Integrating (2.67) over I; and using (2.68) and (2.64), we get

tmq 2
/ % {x’y —ay — % :Uy} dt <0. (2.69)
t

ni

From inequality (2.69), we conclude that
/ / S _
ry—axy ——axy=0 on I.
2m

As before, it follows that

t
x:ngexp(/ %dT) on Iy,

for some constant Cy. Since x(t,,) = x(t;,) = 0, this is incompatible with
the fact that y(t) > 0 on 1.

When y(t) is eventually negative, we choose the interval Iy C [T, 00) for
some T > t, so that f(t) > 0 on Iy \ {0;} and f; > 0 for 6; € I, to reach a
similar contradiction. This contradiction proves that y(¢) must be oscillatory.

The proof is complete. n

Note that if there is no impulse and s(t) = 0, then we recover the results
in [23].

If (H) does not hold, we introduce a device of Picard [58](see also [30, p.
12]). Clearly, for any h € PLC'(I) we have

% (2%h) = 2x2’h + 2°H, t #0;.

Let
= L (yka' — amy') + 2°h, tel.
Y
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It follows that

_ 2 2
MIZ{a—p+h/—(S T+ 2h) s }:c2

4k—m)  4m

2(k —m)

Ap > (G — pi + Ah) 2?2, t=0;.

Assuming that r, s € PLC'(I), the choice of h = (r — 5)/2 yields

1 52
S ~ o T 2 _ 2
Wz fTerm g - - Sl o m)
2
+ %{x’y—xy’—ixy}, t#0;
Y 2m

~ 1
Ap > {qi—pi——(As—Ar)}:cz, t=20,.
2
Then, we have the following result which is analogous to Theorem 2.4.3.

Theorem 2.4.4 (A Device of Picard). Let x(t) be an oscillatory solution
of (2.25) with zeros at {t,}, lim, . t, = co. Suppose that for any given
t. > to, there exist intervals It = [tn,, tm, |, Io = [tny, tm,] C [tx, 00) on which
(A)-(B) hold.

Ifr,s € PLCY(L;) for j =1,2 and

/ttm {{Zj—p— % (s'—1') — %] v* + (k- m)(w’)Z}dt
+ Z [@_pi—%(As—Ar)] 2 > 0,

tnj Sez <t7nj

for j = 1,2, then all solutions of (2.63) are oscillatory.
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CHAPTER 3

OSCILLATION THEOREMS

3.1 Nonlinear Equations

3.1.1 Introduction

In this chapter, we are interested in oscillation of second order nonlinear

impulsive differential equations of the form

(r(t)pa(@) +pt)palz’) +qt) f(z) =e(t), t#0;
A(r(t)pa(2) + ¢ f(z) = e, t=20;

where o > 0 is a constant, {¢;}, {e;} and {6;} are real sequences, for i € N,
with 6; > ¢ty for a fixed ty € R.

Throughout this chapter, we assume that

(3.1)

(i) 7, p, ¢, e € PLC([to, 0)); 7(t) > 0;
(i) f e C(R) with sf(s) > 0 for s # 0 and the inequality

P f()| 0 = Ko >0 (3.2)

holds.

By a solution of equation (3.1), we mean a nontrivial continuous function
x(t) for t > t, > to such that ro,(2') € PLC([t,,00)) satisfies equation
(3.1).

In special cases (3.1) reduces to

(r()ea(’) + q(t)a(x) = 0, (3-3)
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(r()¢(z)ea(z’)) + q(t) f(x) =0, (3.4)
and
(r()(x)2’) + p(t)2’ + q(t) f(x) = 0. (3.5)
These equations have been the object of intensive studies in recent years.
(See [1, 20, 33, 34, 35, 39, 40, 41, 42, 43, 48, 51] for (3.3), [19, 20, 52, 77, 76, 83|
for (3.4), and [13, 47, 53, 61, 75, 78, 85| for (3.5)).

In Section 3.1.2, we consider equation (3.4) with ¢(s) = 1 and impulse ef-
fect, and using integral averaging technique, we extend the results of Coles [9]
and Wintner [80].

In Section 3.1.3, we consider equation (3.1) with e(t) = 0 and e; = 0, and
using function averaging technique, we extend some of the results presented
in literature to the impulsive case.

In another special case of (3.1) we have

(r(t)ea(@)) + a(t)palz) = e(t), (3.6)

which includes
(r(t)z") + q(t)z = e(t). (3.7)
In 1993, El-Sayed [10] established an interval criterion for (3.7) and in

1999, Wong [82] proved more general oscillation result for the same equa-
tion. Numerous oscillation criteria have been obtained for equation (3.7)
(See [26, 27, 60, 64, 65, 73]). Recently, Li and Cheng [46] established an
interval oscillation criterion for (3.6). In Section 3.1.4, we consider the equa-
tion (3.1) and using interval criteria we extend the results of Wong [82] and

Li and Cheng [46] to the impulsive case.

3.1.2 Coles Type Oscillation Criteria

In 1968, Coles [9] studied the oscillation problem for

(r(t)z") +q(t)x =0, (3.8)
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t
by considering weighted averages of / q(T)dr. In present work, we study

equation

(r(t)eala))" + q(t) f(2)
Alr(t)pa(@)) + g f(z) =

in the special case when p(t) = e(t) = 0 and e; = 0, by considering weighted

tq(T)dT + Z qi-
/

0, <t

’ 7 (3.9)

t=20;

averages of

Theorem 3.1.1. If there exists a nonnegative, locally integrable function

t
g(t) : R — R such that / g(7)dt # 0 and satisfying

/: {g(t)(/Otg(s)dsy/a/(/Otr(s)ga“(s)ds) Ua}dt =00  (3.10)

for some k, 0 < k <1, and for 8 >0 and

lim A(t) = oo, (3.11)

t—o0

then the equation (3.9) is oscillatory, where

At) = /Otg(s){/osq(T)dT—i— 3 qi}ds//otg(s)ds. (3.12)

0<6;<s

Proof. We give a proof for g(t) continuous; the proof easily modified for g
locally integrable. Also, if convenient we will change the lower limits of the
integrals in (3.12) and (3.10), since the asymptotic behavior as t — oo is not
changed thereby.

Let z(t) be a nonoscillatory solution of the equation (3.9). Without loss
of generality, we assume that x(t) # 0 for ¢ > (3, for large enough 5. We
define

2(t) = ————=, t € [B,00)
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then z(t) satisfies

64 — ) Z; .

on [3,00), where K, as in (3.2). Integrating (3.13) over [3,t) and using
(3.14), we see that

ST EC IR SRy RS

B<0; <t

Multiplying equation (3.15) by the function g(s) and integrating over [3,t),

we obtain

/ﬂtg(S)z(S)derKa /[: / |2 ( 1/|(ia+1 drds < [z(ﬁ)—A(t)] /ﬂtg(s)ds_

(3.16)
By (3.11), the right hand side of (3.16) tends to —oo; hence, for large values

of t,
t t ‘ a—l—l)/a
/ g(s)z(s)ds + Ka/ / 1/a drds < 0. (3.17)
s s "

Using Holder’s inequality and (3.17), we obtain

(16, [ ot [ D )™
< ( /ﬁ sos)
< (/ﬂtr(s ookl )(/ |2(s 741/|(<j+1)/a )a‘ )

| a—l—l)/
K/ / rl/a(> drds.

Let
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Since, for t > v > (3,

R(t) > Ka( L t g(s)ds) ( /ﬂ ' % df), (3.19)

using inequalities (3.18) and (3.19), we see that

g (t) ( /7 tg(s)ds>k( /ﬁ” |Z(r1/a““ ) / / 4+

< KL RE==D(1)(R (1)), (3.20)

For v > (3, integration of the inequality (3.20) gives

[ foer (L) ([ o) o oo

(3.21)

Inequality (3.21) implies that condition (3.10) cannot be hold. This contra-
diction completes the proof of Theorem 3.1.1. O

where

Note that if f(s) = s, ¢; =0 and a = 1, we obtain the Coles result [9].

In case r(s) = 1, f(s) = s and a = 1, equation (3.9) reduces to linear
impulsive equation (2.10) and as a consequence of Theorem 3.1.1, we have the
following result which is the extension of Wintner’s [80] oscillation criteria

to impulsive equations.

Corollary 3.1.2. If

.1
E&Z i {/ T)dT + Z ql}ds—

0<6;<s

then equation (2.10) is oscillatory.

Proof. Take the function ¢(t) to be 1, let k£ = 0, and apply Theorem 3.1.1. [
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3.1.3 Averaging Method

Throughout this section, we consider

(r(0)ea(z) + p(t)pa(e) +q(t)f(x) =0, t#6;

(3.22)
A(r(t)pa(x')) + ¢ f(z) =0, t=20,.

Many authors have studied the oscillation problem for the less general equa-
tions such as the second order linear equation (3.8) or nonlinear equations
(3.4) and (3.5) (see the references cited in section 3.1.1). In 1989, Philos [57]

proved two oscillation criteria for equation
" +q(t)z =0, (3.23)

which are considered as extension of the results of Kamenev [25] and Yan [84].

Later, some of the extensions of results of Philos were given (see section 3.1.1).
In present section, we extend the Philos theorems [57] to the impulsive

equation (3.22) and we give some analogous results, cf. [51] and [85].

The following Theorem is one of the main result of this section.

Theorem 3.1.3. Let Dy = {(t,s) :t > s >to} and D = {(t,s) : t > s > ty}.
Assume H(t,s) € CY(D : (0,00)), h(t,s) € C(Dy,R), p € C*([ty, ), (0,00))

satisfy the conditions
(i) H(t,t) =0 fort >ty and H(t,s) >0 on Dy;

(i) H has a continuous and nonpositive partial derivative on Dqy with re-

spect to the second variable;

(iii)

—(t,s pls) _ pls) s) = —h(t,s) HY (¢, s s
(t, )+{p(s) T(S)}H(t, ) h(t,s) H (t,s), (t,s) € Dy.
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If

s 5o { / {H(t, 0()4(5) — Tup(s)r(s) |, s>|a+1] ds
£ 30 H6) 00) qz} — o, (3.24)
where o

(@)

and K, as in (3.2), then equation (3.22) is oscillatory.

Proof. Let x(t) be a nonoscillatory solution of equation (3.22). We assume
that z(t) # 0 on [T, 00) for some sufficiently large T > ty. Define
r(t)pa(z)
w(t) i= p(t) —22e =
()= plt) "2
Differentiating (3.26) and making use of (3.22) and (3.2), we obtain
lt t t (a+1)/a
wl(t) < {’)( ) _ ]ﬂ}w@) ottt — K, PO g 3am)

p(t)  r(t) (p(t)r(t))V/e’
Aw(t) = —gi p(t), t=0;, (3.28)

t>T. (3.26)

Multiplying (3.27), with ¢ replaced by s, by H(t,s) and integrating from T’

to t, we have

/Hts )ds</TtH(t,s){Z,<(S))—p—j)} (s) ds

¢ w(s)|(@+D)/a
_Ka/T H(t, s) ip((s)d(:/a /Hts ds. (3.29)
)

Integration by parts and using (3.28), the last integral on the right hand side

of inequality (3.29) becomes

H(t,s)w'(s)ds = 9 {H(t, s)w(s)} — w(s)a—H (t,s)|ds,
/ /T {03 0s

= —H(t,T)w(T)— Y H(t0;)Aw(d;) — / w(s)aa—lj(t,s)ds,

T<0;<t T
T+ Y 10000~ [ w5 wsds. (330
T<0;<t T
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Using (3.29) and (3.30), we obtain

/Hts (s)yds+ > H(t,0:)p(0;) qi

T<0;<t

‘[oH p(s) _ pls) w(s) ds
< H(L T)w (T)+/ [a (ts) + Ht, s){p(s) T(S)H (s)d
(e+1)/
—K/H l/ad
) ()l
< H6 Thu(T) /[K H5) Gl
—|h(t, s)| HY @D (¢, s) |w(s)]1 ds. (3.31)

Using inequality (2.13) with =1/«

K, H)o/(e+1) a a/(a+1)
(Ko H) vl = (© £ | h|*,
(pr)t/(ath) a+1 Ko

|w(s)|(a+1)/a

(p(s)r(s))!/e

A:

we obtain

K, H(t,s) — |h(t, s)] H“/(QH)(t, s) Jw(s)|

> —T, pls)r(s) | h(t, ). (3.32)

From (3.31) and (3.32), we obtain

/ [H(us)p(s)q(s)—rap<s>r<s>|h<t,s>|a“} ds+ 3" H(t.6) p(0)q,

< H(t.T)w(T) o (3.33)
< H(E,T) [w(T)| < H(t, to) [w(T)| (3.34)

for all t > T > ty. In the above inequality we choose T' = T}, then we have
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[ e 90t6) = Laplorro) )

To

|
|
<o [ Y olalds e S o6 ol + Ht0) ().

to to<6;<Tp

It follows that

t
lim su / {H t,s)p(s)q(s) — Tap(s)r(s) |h(t,s ‘”1] ds
nsup e { [ [H(E900at0) = Lapls)r(s) e o)
S H(t,9i>p<ei>qi}
to<6;<t
To
< [Colalds Y o0 ol + ()] < o
to t0<0;<Tpy
which contradicts with (3.24). This completes the proof. ]

As a conclusion of the Theorem 3.1.3, we have the following corollary .

Corollary 3.1.4. Let condition (3.24) in Theorem 3.1.3 be replaced by

lim sup —— { /t:H(t,s)p(s)q(s)ds+ > H(t,@i)p(ei)qi}:oo

t—oo H(t,10) to<O;<t

and

1 t
lim su / s)r(s) |h(t, s)|* ds < oo,
mup g [ ols)r(s) o)

then equation (3.22) is oscillatory.

Our second result is the following Theorem which can be considered as

an extension of [51, Theorem 2].
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Theorem 3.1.5. Let the functions H, h and p be defined as in Theorem
3.1.3. Moreover, Suppose that

H(t
0 < inf ¢ liminf (t,5) < 0 (3.35)
s2to t—o0 H(t,to)
and .
1
lim su / s)r(s) |h(t, s)|* ™ ds < oo. 3.36
msp s [ ptelrte) ) (3.36)

If there exists a function A € C([tg,o0);R) such that

AL
s | S = 337

and for every T >t

imsup | [ {H(t,sm(s)q(s)—rap<s>r<s>|h<t,s>|a+l s
s H(t,e»p(ei)qz} > A(T). (3.38)
T<0;<t

where Ay (s) = max{A(s),0}, then equation (3.22) is oscillatory.

Proof. Without loss of generality, we may assume that there exists a solution
x(t) of equation (3.22) such that x(t) # 0 on [Ty, 00) for some sufficiently
large Ty > ty. Define w(t) as in (3.26). As in the proof of Theorem 3.1.3, we
can obtain (3.31) and (3.33). It follows that

lim sup

P H(tl’ T) {/t {H(t, s)p(s)q(s) — Lap(s)r(s) |h(t, s)|°‘+1] ds

T

b Y H@0) s < (D)

T<0;<t

for all ' > Tj,. Thus by (3.38) we have

A(T) <w(T) foral T >Ty (3.39)
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and

imsup ;o { [ HE ) s 3D H@.0)p0) ) = AT

t—o00 H(taTO) To To<6;<t
(3.40)
Let .
1
Ft) = —— h(t,s)w(s He/etD) t,s)ds
0= gy J, 109w (t,s)
and t fw(s) |+
K w(s)|(@ e’
G(t) = a H t,8) ——~—F~— ds
O =501 Sy, 1) ooty

for all t > Ty. Then, by (3.31) and (3.40), we see that

li{gglf[G(t) — F(t)] = w(Ty) — lilﬁigp m { . H(t,s)p(s)q(s)ds

-y H(t,e»p(ei)qi}

To<0;<t
< w(Ty) = A(Ty) < . (3.41)
Now, claim that
00 (a+1)/«
7 (p(s)r(s))t/e

Suppose to the contrary that

© ()i -
/TO (pls)r(z)a = (3.43)

By (3.35), there is a positive constant 7 satisfying

inf {liminf H{t, s) } > 5> 0. (3.44)

s2to | t—oo H(t, 1)

On the other hand, by (3.43), for any positive number p there exists a T} > Tj
such that

! ()| @t/ "
ds > for all t>1T; 3.45
/To () “ Ko =T (3:45)
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so for all ¢t > T}

w(7)|(a+1)/a dT]

[ ot
1, (D)7
Pl

pr )

(
> MK /t [—8—H(t,s)] gs = LHGT) g 6

dT:| ds

dT‘| ds

> 0, (3.47)

there exists Ty > 17 such that H(t,T})/H(t,tg) > n for all t > T,. Therefore
by (3.46), G(t) > p for all t > T, and since p is arbitrary constant, we

conclude

lim G(t) = 0. (3.48)

t—o00
Next, consider a sequence {t,}>°; in (7p,00) with lim;_., t, = oo and such
that

lim [G(t) = F(t,)] = lim inf[G(t) — F(1)].

n—oo

In the view of (3.41), there exists a constant M such that
G(t,) — F(t,) < M for all sufficiently large n. (3.49)

It follows from (3.48) that

lim G(t,) = oc. (3.50)
This and (3.49) give
lim F(t,) = oc. (3.51)

Then by (3.49) and (3.50),
F(t) o M

1
> —— for n large enough.

G(tn) — G(tn) 2
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Thus,
F(t,)

G(tn)
This and (3.51) imply that

> — for all n large enough.

Foz-l—l(tn)
lim —————= = oc. 3.52
nhee Gty (3.52)
On the other hand, by Holder’s inequality, we have

1 tn
Fty) = ———n . HY @ (¢, s)d
() = gy . 1w (o) B0, 5)

tn (a+1)/a a/(a+1)
<t [ O )
H(tn, To) Jr, (p(s)r(s))!/e

1 tn . 1/(a+1)
X = s)r(s)|h(t,,s)|*" " ds
iy | oo e

G/t (¢, 1 tn X 1/(a+1)
S el ){H(t To) /T pls)r(s)|hltn, 5)|"* ds} ,
[0} ny 0

and therefore

Fa+1(t ) 1 tn
: < a+1
Ga(tn) - K&x H(tmTo) /To p(S)T(S”h(tn, S)| ds

1 tn
< — S)T(8)|h(ty, s)|* 1t ds
< i ). Ak

for a large n. It follows from (3.52) that

1

tn
lim —/ $)r(s)|h(tn, s)|* ds = oo, 3.53
i s [ (ol o) (3.53)

that is,

t
lim su —/ s)r(s)|h(t, s)|* M ds = oo,
msw gy [ o ln s

which contradicts (3.36). Hence (3.42) holds. Then, it follows from (3.39)
that

ds < 0o

/t (A (s))@FD/a o< /°° lw(s)|tD/e

S ~ —_—_—m
7 (p(s)r(s))!/« m (p(s)r(s))/e
which contradicts (3.37). This completes the proof of Theorem 3.1.5. O
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Note that if p(t) =0, p(t) =0, f(s) = s, ¢ = 0 and a = 1, we obtain the
results of Philos [57].

3.1.4 Interval Oscillation Criteria

In this section, we obtain the following interval oscillation criteria for
(3.1).
Theorem 3.1.6. Suppose that for any T > to, there exist T < s1 < t; <
Sy < tg such that

<0, ¢ / <0, 0; € [sy,t
e(t) { <0, telsit] and ei{ <0, € ls1,t] (3.54)

nondecreasing function ¢ € C([to,00)) such that
a+1
}ﬁ
$1<6; <t

> 0, t e [Sz,tg] > O, 92 c [SQ,tQ]
for all i € N. If there exists u € D(sy,tx) for k = 1,2, and a positive,
tr ¢/ p
/ dqlul*™t —Toro|(a+1)u + — | |u
o ¢ T
+ ) dqlu*T >0
for k = 1,2, where T, is defined as in (8.25), then every solution of the
equation (3.1) is oscillatory.

Proof. Suppose now that = be a nonoscillatory solution of equation (3.1)
which is positive, say > 0 when ¢t > t, for some t, depending on the

solution z. Now, we define

o(t) = o(t) =N

Then, for every t > t,, we obtain

o= (Z-2)o-renerontit

< ) ¢,  t#0; (3.56)

> (5

t>t,. (3.55)

) t =0 (3.57)
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By assumption, we can choose si,t; > t, so that e(t) < 0 on the interval
I = [s1,t1] and e; < 0 for all ¢ € N for which 6; € I; with s; < ¢;. On the
interval I, using (3.2) and (3.56)-(3.57), v(t) satisfies

Qy P |v|(a+1)/a
<- G PIY ( -L n ' .
g < —v +(¢ T)U o« o) t#0;; (3.58)
Av+q ¢ <0, t=0,. (3.59)

Let u € D(s1,t1) be given as in the hypothesis. Multiplying |u|**™! through
(3.58) and integrating over Iy, we get

t1 t1 |'U| a+1 /a
/ q¢ |u’a+1dt < / ( )| ’a—l-l dt — K / |u’a+1 dt
t1
—/ |u|*T o dt. (3.60)

Integration by parts and using the fact that u(s;) = u(t;) = 0 and (3.59), we
obtain further that

t1
/ q¢ ’U|a+1dt + Z ngﬁ ’U|a+1

S1 $1<6;<ty

t1 t1 ¢/ p
(a—l—l)/ Yo lu )u’vdt—i—/ (g—;)\uﬁﬂvdt
51
t1 ’U|(o¢+1)/a
K, / [+

“(ro)lie
s/ (0 + Dpal) (%_§>|u|aﬂ ol
o [ bl
By taking 3 = 1/q,
A = eolles) <r¢|>?/’?a“> o
and
of(at1 )
B = <|ZY|£(+7IZ;> /(a+1) (a+1) o (u)u + (% _ §)|u|o‘+1 |
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the inequality (2.13) implies that, for ¢ € [sy, t1],

|u’0¢+1

¢, p a+1 a+l)/a
(@t D atn 4 (5 = 2 o] - o 2 ol
/ a+1
<Tyra¢ (oz—l—l)u/—l—(%—g)M ;
thus,
t1
[ oalurdes 3 ogfue
51 51<0;<t1
t1 / a+1
SFQ/ rqb(a—l—l)u’%—(%—z—))]m dt,
S1 r

which contradicts with our assumption.
When x(t) eventually negative, we may employ the fact that e(t) > 0 on
I, = [s9,ts] and e; > 0 for all i € N for which 6; € I, to reach a similar

contradiction. The proof is complete. O]

When f(s) = @a(s), then equation (3.1) reduces to forced half-linear

impulsive equation with damping

(r(t)ea(@)) + p(t)pa(@’) + q(t)palz) = €(t), ¢ #0;

A(r(t)pa(a) + ¢ pa(r) = €, t=0;
As a conclusion of Theorem 3.1.6, equation (3.61) is oscillatory if the condi-
tions of Theorem 3.1.6 are all satisfied with I', = (a4 1)~(®*1). Note that
by taking p(t) = 0 and ¢; = e; = 0 in the equation (3.61), we recover the
result of Li and Cheng [46].

Taking o = 1 in the equation (3.61), we obtain the forced linear impulsive

(3.61)

equation with damping

() + 50"+ alt)r = e(t), ¢ 0 6
A(r(t)r’) + g v = e, t =0, '

Taking ¢ = 1 and applying Theorem 3.1.6 to equation (3.62), we obtain the

following oscillation criteria which can be considered as a generalization of

the result given by Wong [82].
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Corollary 3.1.7. Suppose that for any T > to, there exist T < s1 < t; <
Sy < to such that (3.54) holds for all i € N. If there exist u € D(sg,ty), for
k = 1,2 such that

tg

2 i P2 2

/Sk [qu* —r (u —gu)]dt%— Z giu >0 (3.63)
$1.<6; <ty

for k = 1,2, then every solution of the equation (3.62) is oscillatory.
We will illustrate our oscillation criterion by means of one example.
Example 3.1.8. Consider the following special case of equation (3.62),

" + (sint)x’ 4+ (cost)r = —e™'sint, t#0;; (3.64)
Az’ + (sin2t) @ = —etsint, t =0, '

cost

where 0; = iw/m, m € N. Here the zeros of the forcing term —e®stsint are

km, ke Z .

Let w = sint. For any T > 0, choose n € N sufficiently large so that
nm > T and set s = (2n—1)w and t; = 2nw in (3.63), then condition (3.54)
1s satisfied for all n. It is easy to verify that

2nm
1
tsin®t — t — —sin?t)?|dt E in* 6,
/( |:COS sin (cos 5 Sin )] + sin

2n—1)7w (2n—1)7<6;<2nm
19
— _3—; + Z.:msinﬂ‘(%)
3m 197w
-2 77 3.65
8 32 ( )

and similarly, for s = 2nm and to = (2n + 1)7, we obtain

2n+1)7 ) 1 5 s .
tsin“t — t— —sin“t)”|dt in® 0,
/2 [cos sin (cos 5 Sin ) } + E sin

nr 2nm<6;<(2n+1)w

_om I (3.66)
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It follows from Corollary 3.1.7 that equation (3.64) is oscillatory if m > 5.
Note that differential part of equation (3.64) is nonoscillatory with a

nonoscillatory solution z(t) = te®*st.

3.2 Hill’s Equation with Damping

In this section, we are concerned with second order linear impulsive equa-

tion of the form

2 +pt)x + q(t)x =0, t # 0;;

. (3.67)
Ax' +qx =0, t=20;

where p(t), q(t) are continuous functions of period T" and {¢;}, {6;} are real
sequences satisfying ¢+, = ¢;, 0; + T = 0,4, for all v, i € {1,2,...} with
0, >ty for fixed ty € R.

By a solution of equation (3.67), we mean a nontrivial continuous function
x(t) for t > t,, t, > to, such that 2’ € PLC([t,,00)) and satisfies equation
(3.67).

In present section, we extend the results of Kwong and Wong [36] to
the impulsive equation (3.67). Before giving the main results, we need the
following two Lemmas which are the extension of the results due to Wint-

ner [79, 81].

Lemma 3.2.1. Equation (3.67) is nonoscillatory on [0,00) if and only if
there exists a t, € [0,00) and a function r € PLC([t.,00)) such that

2(t) —p)r(t) +qlt), t#0;
Qi t=10;

<

(3.68)

for all t > t,.

Proof. Assume that z(t) be a solution of equation (3.67) such that it has no
zero on [t,, 00). Define r(t) := —a/(t)/x(t) for t > t,, then r(t) satisfies the
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impulsive equation

ﬁ\
—~
~+~
~—
I
<

2(t) —p(O)r(t) +qt),  t#0;

(3.69)

Now, let there exists a function r € PLC([t,, 00)) satisfying (3.68). Define

f@):=r'(t) = @)+ pt)r(t) —q(t), t#0;
fi = Ar(0;) — i, 1 €N,

then f(t) > 0 for ¢t > ¢, and f; > 0 for which 6; > t., and we have the

following Riccati type impulsive equation:

r'(t) =r3(t) —p)r(t) + [a() + f(O)],  t#065

(3.70)
Ar(t) =g + fi, t =6
The corresponding equation becomes
"t p(t)a + [q(t) + f(W)]z =0, t#£06;
o p(t)al 4 g(t) + F()e =0, 1 # -

Since q(t) + f(t) > q(t) and ¢; + f; > ¢, equation (3.71) is a Sturm majoring
for (3.67) and has a positive solution x(t) = exp(— ftT’(T)dT). Hence by
Sturmian Oscillation Theorem for impulsive equations (see Corollary 2.2.5),

equation (3.67) is nonoscillatory. O

In case ¢; = 0, Lemma 3.2.1 can be found in [81] and [16, p. 362, Theorem
7.2].

Lemma 3.2.2. Suppose that

/OOeXp ( - /tp(T)dT>dt .
and
Tim { / " exp < / t p(T)dT)g(t)dt+Zexp ( / eip(T)dT)qz} — 0, (3.72)

0;<w

then equation (3.67) is oscillatory.
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Wintner’s [79] original result was proved for the case p(t) = 0 and ¢; =
0, but multiplying the equation (3.67) by the function exp f p(7)dr) and
applying Theorem 2 in [3], it is easy to verify that condition (3.72) is an

oscillation criterion for equation (3.67).

Theorem 3.2.3. Let there exist a function Q € PLC([0,00)) such that
Q(t) =q(t),  t#0; (3.73)

T
where q(t) is periodic of mean value zero, i.e., / q(t)dt = 0 and ar periodic
0

sequence {p;} such that Z pi =0 and

0<0;<T
AQW =ps =, (3.74)
If
p(t) — Q)] Q(t) >0, 0<t<T,; (3.75)
Di = G, 0<6,<T,

then equation (3.67) is nonoscillatory.

Proof. We note that, if ¢(t) is periodic with mean value zero, we obtain

/ Qydt+ > AQ(6; /OTq(t)dt+ > pi=0,

0<0;<T 0<0;<T

which yields Q(T") = Q(0). On the other hand, we have

QU+T) - Q) =[QE+T) - Q(T)] - [Q) — Q)]

t+T

= Q(rydr+ > AQ(0 /Q(TdT— D AQ(6)
T T<0;<t+T 0<0; <t
T

T N S
T T<0; <t+T T<O0; pr<t+T
t

— [+ 1) —a@lir = 3 e —pl
0 T<0;<t+T
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Since the function ¢(t) is T" periodic and the sequence p; is r periodic, Q(t)
is periodic with period T. Observe that condition (3.75) implies

Q'(t) = Q*(t) —p()Q(t) +qt),  t#0;

(3.76)

which becomes (3.68) if we set Q(t) = r(t) in (3.76). Hence by Lemma 3.2.1,

equation (3.67) is nonoscillatory. O

Theorem 3.2.4. In addition to the assumptions in Theorem 3.2.3, let q(t) #

0, p(t), Q(t) are also periodic with mean value zero and satisfy

[p(t) — Q)] Q(t) <0, 0<t<T;

3.77

If either
measure {t € [0,T] : [p(t) — Q(t)] Q(t) <0} >0 or  pi<gq (3.78)
for some i € N for which 0; € [0,T], then (3.67) is oscillatory.

Proof. Assume on the contrary that equation (3.67) is nonoscillatory, then
without loss of generality there exists a positive solution z(t) on [ty, 00) where
to > 0 depends on the solution z(t). Let r(t) := —a'(t)/x(t) on t > to.
Then r(t) satisfies the Riccati type impulsive equation (3.69). Define R(t) =
r(t) — Q(t). It is easy to verify from (3.69) that R(t) satisfies

R(t) = R*(t) + [2Q(t) — p(O)]R(t) + Q*(t) — p()Q(L), ¢ #6;

(3.79)
AR(t) = g — pi, t=46,.

Since R(t) € PLC([ty, 00)) and satisfies (3.79), we can now apply the suffi-

ciency part of Lemma 3.2.1 to deduce that the second-order impulsive equa-

tion
Z'(t) + [p(t) — 2Q(1)]2'(t) + [Q*(t) —p()Q(V)]=(t) =0, ¢ # 0 (3.80)
AZ(t) + g — pi]z = 0, t=0, '
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is nonoscillatory. Since p(t), Q(t) are periodic in 7" with mean value zero,

the function .
E(t) = exp/ {p(r) —2Q(7)} dr
0
is bounded below by a positive constant. Using (3.78), we get
T
| EO{@® - @} dt+ 3 EG)a-p)=A>0.
0 0<6;<T

which implies that condition (3.72) is satisfied. Now apply Lemma 3.2.2 to
equation (3.80) and conclude that it is oscillatory. This contradiction proves
the Theorem 3.2.4. O

Note that if ¢; = 0, we recover the results of Kwong and Wong [36].

3.3 Forced Linear Equations

In this section, we consider the forced second order linear impulsive equa-

tion

(p)y) +aqt)y = f(t), t# 05

} (3.81)
Ap)y + ay = fi, t=0;
under the assumption that the unforced equation,
H2) +q(t)2 =0, t#0;
(p(t)z")" +q(t)z =0, # (3.82)

Ap(t)z 4+ ¢z =0, t=20;

is nonoscillatory, where {¢;}, {f;} and {6;} are real sequences with 0; > t,
for fixed ty € R. Throughout this work, we assume that the functions p,
q € PLC[ty,00) with p(t) > 0. Our interest is to establish an oscillation
criteria for equation (3.81) without assuming that the functions ¢ and f are
of definite signs.

By a solution of equation (3.81), we mean a nontrivial continuous function
y(t) for t > t, > to such that py’ € PLC([t,, 00)) and satisfies (3.81).
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In order to give an oscillation result for equation (3.81), we need to prove
the existence of nonprincipal solution of unforced equation (3.82). Therefore,
before giving the main results, we need some Lemmas.

Consider

Lo = (p()a) +q()r =0, 4 0;

3.83
Iz = Ap(t)x' + qx =0, t=0;. (3.83)

Lemma 3.3.1 (Polya Factorization). If (3.83) has a continuous solution
u(t) with no zeros in [a,oc), then for alln € S = {n € PLC'([a,0)) : pn €
PLC ([a,00))}

LT} =P (p2(p177)/)/7 t 7é ei; te [a’v OO),

(3.84)
In=piApa(pin),  t=0
where py(t) = 1/u(t) and py(t) = p(t)u(t).

Proof. Let u(t) be the solution of (3.83) with no zeros in [a,c0), namely

Lu =0 for t # 6; and Tu = 0 for t = 6;. Using Lagrange identity, we obtain

plg =nLp = [p&) Wn,p)l',  t# 0
pln —nlp = ApQ) W(n, ), t =10,
where W (n, u) denotes the Wronskian. Taking u(t) = u(t) in (3.85), we
obtain the equation (3.84). O

(3.85)

Lemma 3.3.2 (Trench Factorization). If (3.83) has a positive continuous

solution on [a,o0), then for anyn € S

Ly =v(v(mn)), t#0; t € [a,0),

, (3.86)
In =mAy(nn), t=6

where v1(t),72(t) > 0 on [a, c0), and/ at__ 00
a 72(15)
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< dt
Proof. If/ ) = 00, take Yo(t) = p2(t) and v (t) = p1(t). Suppose
a P2

/ i < 00, if we take
a P2(t>

then v, (t) and »(t) satisfies the equation (3.86) and
~ dt 1 * ds \ 7
[sa=L ol 2m) o
a V?(t) a t t P2< )
d °° ds \ ™'
— dt
Ll 5)
—1 t=o00 o —1
(o) | -2eU )
t=a 91' pQ(S)
0.

a<b;

]

Theorem 3.3.3. If (3.83) has a positive solution on [a,0), then there exist
linearly independent solutions u and v, (v > 0) of equation (3.83) such that

U
— —=0ast— oo and

v
o dt  dt
—QIOO and —2<OO
a PU a PV

Here the solutions u(t) and v(t) are called principal and nonprincipal solu-

tions of equation (3.83), respectively.

Proof. By Lemma 3.3.2, there exist 73 > 0 and v, > 0 satisfying equation
(3.86). Then, take

1 1 b ods
u(t) = ey and  w(t) = /a :

Since Lu = Iu = 0 and Lvy = Ivy = 0, u(t) and wvg(t) are two linearly

independent solutions of equation (3.83) and

iy = im ([ ) = 0
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Now, substituting 7 = u and p = vy on (3.85), we get
[p(t) W(u, v)] =0, t#0; (3.88)
Ap(t) W (u,v) =0, t=0,. (3.89)

Integrating equation (3.88) over [a,t] and using (3.89), we obtain
W (u,v9)(t) = ¢/p(t) where the constant ¢ = p(a)W (u, vg)(a). This implies

(@>’(t> _Www)t) (3.90)

u u*(t) p(t)u?(t)

Integrating (3.90) over [a,c0) and using (3.87), we obtain

< dt 1 A o
/a e~ oA [ ) @t

_ 1, [w® = %
Cc z‘}ﬁoo {u(t) t=a a@zi;A A( u )(01)}
L1 [e(A) (o) s
_cAl—m[u(A) u(a) ag(;ZKA/(% Vo ()d}
1 lim vo(A) _ vo(a)

¢ A—oo u(A)  cu(a)

Let v(t) be any solution of (3.83). Then v(t) = cju(t) + cavo(t) for some
constants ¢y, ca with ¢o # 0 and using (3.87), we get

Cou(t) vo(t)-1

tlirg % = tli}I& [Cl + CQW} = 0. (391)
Since Lu = Iu = 0 and Lv = v = 0, u(t) and v(t) satisfy the equalities
(3.88) and (3.89) with wvy(t) replaced by v(t). In a similar way, we obtain

!/ ~

W (v, u)(t) c
() o-"55" = e .

where the constant ¢ = p(a)W (v, u)(a), and

SHEN

A

VR
SRS

)(91-) =Aler + e ”O(Qi)}‘l =0. (3.93)
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Integrating (3.92) over [a, 00) and using (3.91) and (3.93), we have

)
)

< dt u(a
= . 3.94
| e = e < 320
The proof of Theorem 3.3.3 is completed. n

Let z(t) be the nonprincipal solution of the unforced equation (3.82), i.e.,

z(t) satisfies N
/ R$§ES<W. (3.95)

Define the following function H(t),

H(t) := /t m (/ T)dr + Z ) (3.96)

Theorem 3.3.4. Suppose that (3.82) is nonosczllatory and let z(t) be a non-
principal solution. Then equation (3.81) oscillatory if

lim H(t) = — lim H(t) = +oo0. (3.97)

t—o00

Proof. The change of variable y = z(t)w(t) transforms (3.81) into

(p(t)2*w") = f(t)z,  t#06; (3.98)
Ap(t)22w' = fz, t=0,. (3.99)

t—o0

When 2(t) is a solution of (3.82), we can express w(t) by integration of (3.98)
and using (3.99) as follows,

t dS t
vy =ate [ o [a( [ e i 2 001 ) s

where ¢; and ¢y are constants depending on the initial Conditions w(tp) and
w'(to). Note that z(t) nonprincipal solution, so (3.95) and (3.97) imply that
w(t) satisfies

lim w(t) = — lim w(t) = 4o0. (3.100)

t—o0 t—00

Because z(t) is nonoscillatory (3.100) implies that w(t) is oscillatory. Hence

y = z(t)w is also oscillatory. O

Note that if ¢; = f; = 0, we recover the result of Wong [82].
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